Joint Spectrogram Separation and
TDOA Estimation using Optimal Transport

Linda Fabiani*, Sebastian J. Schlecht!, Isabel Haasler?, Filip Elvander*
*Dept. of Information and Communications Engineering, Aalto University, Finland
TDept. of Electrical and Computer Engineering, Friedrich-Alexander-Universitit Erlangen-Niirnberg, Germany
J:Dept. of Information Technology, Uppsala University, Sweden

Abstract—Separating sources is a common challenge in ap-
plications such as speech enhancement and telecommunications,
where distinguishing between overlapping sounds helps reduce
interference and improve signal quality. Additionally, in multi-
channel systems, correct calibration and synchronization are es-
sential to separate and locate source signals accurately. This work
introduces a method for blind source separation and estimation
of the Time Difference of Arrival (TDOA) of signals in the time-
frequency domain. Our proposed method effectively separates
signal mixtures into their original source spectrograms while
simultaneously estimating the relative delays between receivers,
using Optimal Transport (OT) theory. By exploiting the structure
of the OT problem, we combine the separation and delay
estimation processes into a unified framework, optimizing the
system through a block coordinate descent algorithm. We analyze
the performance of the OT-based estimator under various noise
conditions and compare it with conventional TDOA and source
separation methods. Numerical simulation results demonstrate
that our proposed approach can achieve a significant level of
accuracy across diverse noise scenarios for physical speech signals
in both TDOA and source separation tasks.

Index Terms—Optimal transport, Time Difference Of Arrival,
Blind Source Separation, spectrogram

I. INTRODUCTION

Source separation is a fundamental task used in signal
processing, present in many applications such as speech en-
hancement, noise reduction and telecommunications. However,
de-mixing spectral signals in real-world scenarios becomes
challenging due to reverberation and background noise inter-
ference, especially without direct access to the source signals.
This absence of ground truth references adds uncertainty,
requiring the system to rely on statistical and spatial cues to ef-
fectively distinguish and extract individual sources. To address
this problem, various Blind Source Separation (BSS) methods
have been developed [1], including Independent Component
Analysis (ICA) [2] and Non-Negative Matrix Factorization
(NMF) [3, 4], as well as recent deep learning-based techniques
trained on specific data for improved performance [5, 6].
Despite their wide usage, these methods can struggle in noisy
acoustic environments, or when sources are not instantaneous.
Indeed, in multichannel systems, where sensors receive mix-
tures of signals with varying propagation paths, a fundamental
challenge lies in accurately finding the time delays between
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Fig. 1: Illustration of source power spectrograms and their
corresponding mixtures observed at two receivers. Top: Orig-
inal female (a) and (b) male speech source signal. Bottom:
Observed mixtures at receiver 1 (c¢) and receiver 2 (d), with
distinct propagation delays. The receiver signals include de-
layed versions of the original source signals and have been
zero-padded to a uniform duration of 2 seconds.

signals arriving at different locations. For example, Figure 1
shows two source signals and their corresponding mixtures,
illustrating how the two speech signals arrive at the two
receivers at different times. For this, Time Difference of
Arrival (TDOA) estimation plays a crucial role in improving
separation, particularly in microphone arrays and spatial filter-
ing applications [7, 8]. Traditional cross-correlation methods,
such as Generalized Cross-Correlation (GCC) and Generalized
Cross-Correlation with Phase Transform (GCC-PHAT) [9],
are commonly used for delay estimation, even though they
also suffer from reduced accuracy in adverse noise conditions
[7, 10].

In this work, we introduce a novel approach to multichannel
blind source separation of time-frequency distributions, using
the theory of optimal transport (OT) (see, e.g. [11]). OT is a
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mathematical concept that allows for comparing distributions
of mass and has found use in fields including signal processing
[12, 13] and control [14, 15].

Recently, the work [16] has introduced an OT framework
for identifying and separating ensembles based on population-
level observations and for estimating the dynamics governing
these ensembles. In this paper, we cast the BSS problem
within this framework, letting the ensembles and dynamics
correspond to the (unknown) source signal spectra and inter-
microphone time delays, respectively. In particular, by exploit-
ing the temporal delay information between the channels, we
formulate an optimal transport problem, where each source
is associated with a distinct transport plan that governs the
separation of the spectral components. We utilize a block-
coordinate descent algorithm that iteratively updates the op-
timized variables to compute our estimator. As a potential
application of our framework, we provide an example of recon-
struction of the source signals in the time domain, processing
the estimated spectrograms via multichannel Wiener filtering.
We demonstrate the robustness of the proposed method in the
case of diverse sensor noise and compare it with commonly
used methods for TDOA estimation and source separation.

II. SIGNAL MODEL

Consider a system with K € N acoustic sources impinging
on L € N microphones. The spatial locations of the sources
as well as the source signals are unknown. Let Si(f,?) and
R¢(f,t) denote the short-time Fourier transform (STFT) repre-
sentations of the kth source signal and ¢th microphone signal,
respectively, where f and ¢ are the frequency and time index
of a time-frequency bin. Then, using the first microphone as
reference, each microphone signal can be written as'

K
Ro(f,t) =3 Su(f,t — 7)) + Welf, 1), (1)
k=1

where TIEZ) denotes the delay of the kth source to the (th

receiver relative to the reference microphone. That is, T,ge) is
the TDOA of the kth source for the microphone pair with
indices (1, ¢). Note that T,gl) =0,k =1,..., K. Furthermore,
W, (t) denotes the STFT of the sensor noise, which we herein
assume to be well-modelled as spatially and temporally white
Gaussian noise with variance o2. Herein, we aim to separate
the different signal sources and estimate their TDOAs based
on spectral representations. To that end, let R(®) ¢ R{XF
be the spectrogram of the sensor signal in (1), defined as
the squared magnitude of the STFT, represented as a matrix,
ie., [R®],; = |Re(f,t)]> where T and F are the number
of time and frequency bins, respectively. Correspondingly,
let Sff) € RT*F be the spectrogram of the kth source in
the ¢th microphone, and let W,(f) be the spectrogram of the
sensor noise. Note here that S,(f) can be obtained from S,(Cl)

ITo simplify the exposition, we here assume that differences in signal
attenuation between microphones are small, corresponding to the microphones
being closely spaced.

by shifting its rows in accordance with T,ie). Lastly, assuming

that the different source signals are statistically independent,
we approximate the microphone spectrograms R(®) as additive
mixtures of the source spectrograms2 [17, 18]:

K
RO~ "8+ W, )
k=1

With this, our aim is to estimate the source spectrograms?

S,(cl) and TDOAs T,EZ) given only the microphone spectrograms
R, In particular, we propose to view the spectrograms as
mass distributions on the time-frequency plane, allowing us to
cast the problem in the framework of optimal transport.

III. OPTIMAL TRANSPORT

Consider two discrete distributions, represented with vectors
ac RY and b € R" for some N € N. The (discrete) Monge-
Kantorovich problem of OT is

minimize (C, M)
MERII xN (3)

st. Mly=a, MT1y =b.

Here, C € Rf *N is the cost matrix, where each entry [Clsj
represents the cost of transporting a unit of mass from the i-th
point in the source distribution to the j-th point in the target
distribution, and 15 € RY is a vector of ones. The matrix
M represents the transport plan, in which each element [M];;
describes how much mass is transported from one distribution
to another [11, 19]. Thus, the constraints in (3) impose that
the transport plan M transports the mass from a to b.

IV. METHOD OUTLINE

Herein, we propose to jointly solve the blind source sepa-
ration and TDOA estimation tasks using an OT formulation
building on the framework in [16]. More precisely, based on
estimates of the receiver’s spectrograms R(©) we identify the
source spectrograms SS) and the TDOAs T;EZ) in (2). Let r(fé)

Q)

and s, denote the fth column of the matrices R and

Sg), respectively. We describe the distribution shift due to the
TDOA, that is, from s,(fl} to s,(f)f by a transport plan Y A
fork=1,...,K, f =1,...,F, and ¢ = 2,...,L. These

transport plans are feasible if they satisfy Mi’zl = s,(vl} and
(M])T1 = s} for £ = 2,...,L. Given a TDOA 7; we
measure the transportation cost of a transport plan Mi’z as
<C(T,£,Z)), M{:’[), where

[C(T)]y; = (8 = t5) = 7)*. )

Thus, our goal is to accurately separate the source spec-
trograms S,(fl) by exploiting the structure of the optimal
transport problem. Each source is associated with a distinct

2In our experiments, we observe that our proposed method performs well
despite this approximation.

3Without loss of generality, we define the source spectrogram for source
k as S](Cl), i.e., as it would appear in the reference microphone in noise-free
single-source settings.
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Algorithm 1: Block Coordinate Descent

Data: Initialize T,E ) for k = 1,...,K
while not converged do
L minimize (5) w.r.t. M/ ’l;

minimize (5) w.r.t. T,EZ)

transport plan M/, which enables the decomposition of the
total objective function into individual contributions for each
source. Since the true time delays are unknown, they must
also be optimized along with the transport plans. To sum up,
we find the source spectrograms and TDOASs by solving the
optimal transport type problem

L K F
. 14
minimize g g g () M£’2>
M7 (0 g ©
Tk Sk =2 k=1 f=1

subject to M”l = stV for ¢ = 2,...,L

k.f?
(Mf,e)Tl =st) fort=2,...,.L
ng)f*rf, fort=1,..,L
fork:l,...,K, f=1,...,F

The constraints in (5) enforce that the spectrogram mass of
each source is fully separated from the mixture and distributed
in the relative transport plan. Additionally, the third constraint
imposes mass conservation across the system, meaning that
the sum of the estimated source spectrograms at each sensor
must exactly match that of the sensor spectrograms. In the
noise-free case, it may be noted that if the TDOAs in (5) are
selected as the ground truth values, then the objective value
can be set to zero by transport plans that separate the sources.
For a discussion on this, see [16, Section II.B].

The optimization problem in (5) is bi-convex. For fixed
time-delays it is linear in the transport plans and source
spectra, and due to the choice of (4), the program is convex
in the time-delays for fixed transport plans and source spectra.
To solve (5), we employ a block-coordinate descent algorithm,
alternating between minimizing (5) with respect to the set of
transport plans and source spectrograms, and with respect to
the time-delays T]g[). It may be noted that, due to (4), the
minimization with respect to the T]ge) corresponds to solv-
ing an unconstrained quadratic program, which can be done
analytically. The procedure is summarized in Algorithm 1.
Furthermore, we note that the problem in (5) satisfies the
conditions of [16, Proposition 2], and Algorithm 1 is therefore
guaranteed to converge to a (local) minimum. Given a solution

to (5), the source spectrograms Sg), k=1,...,K, can be
reconstructed from s,(cl} as

a() [ 1 1

SO =[5 s ... B, ©

where we remind that s,(;% = Mi’él forany £ € {2,...,L}.
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Fig. 2: Performance comparison for the TDOA estimation task.
The evaluated methods are all assessed in the presence of
fractional delays.

V. NUMERICAL EXPERIMENTS

The performance of the proposed method for joint source
separation and TDOA estimation is assessed and compared
to other commonly used techniques across a series of experi-
ments. The evaluation is performed on a 2x?2 source-receiver
system, where two distinct speech segments are used as source
signals. Specifically, they consist of two phrases, one spoken
by a male speaker and the other by a female speaker. To
simulate a realistic multichannel recording scenario, the two
signals are then artificially overlapped and delayed to create
two receiver mixtures, with a total duration of 2 seconds.
All signals are first downsampled to a frequency fs = 8
kHz and transformed to spectrograms computing the STFT
using a Hann window of size of 256, Hop size of 200 and
FFT size of 256. An example of the data used is shown in
Figure 1. For each experiment, we perform 100 Monte Carlo
simulations, where the relative delays are randomly initialized
from a limited set of values based on the length of the speech
signal.

First, we evaluate the performance of the TDOA estimation
by comparing our method to standard approaches, including
Generalized Cross-Correlation with Phase Transform (GCC-
PHAT) [9], and the Multiple Cross-Correlation Coefficient
(MCCC) method [10], as implemented in [20]. We quantify
the error in delay estimation, calculating the root mean squared
deviations from the ground truth delays, averaging across all
sources as

K
1 X
RMSE = || kzl (76 — %)%, (7)

for multiple Signal-to-Noise (SNR) scenarios. The results
shown in Figure 2 suggest that our proposed approach
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Fig. 3: Comparison of spectrogram reconstruction error for
different source separation methods.

demonstrates greater robustness at very low SNR conditions,
where conventional cross-correlation techniques struggle due
to noise sensitivity. While the OT method exhibits slightly
larger RMSE for high SNR levels, it still achieves a strong
performance considering the end-to-end complexity and func-
tionality of the full OT estimator. Additionally, it is worth
noting that the OT method operates in the time-frequency
domain, meaning its accuracy is significantly influenced by the
temporal resolution of the STFT and the convergence tolerance
of the algorithm.

The second experiment assesses the accuracy of the recon-
structed spectrograms following source separation. We com-
pare our method against two other BSS techniques: Frequency-
Domain Independent Component Analysis (FDICA) [21,
22] and Multichannel Non-Negative Matrix Factorization
(MNMF) [23]. As a baseline, we also include the Delay-
and-Sum Beamformer. The reconstruction error between the
original and estimated spectrograms is normalized with respect
to the reference source and averaged across all sources as

_ i ISx — Sill7 ®)
ISkl

As shown in Figure 3, the proposed OT approach achieves
the smoothest and lowest reconstruction error overall. For low
SNR values, the results indicate that all methods produce
reconstructions that are predominantly affected by noise. In-
deed, the optimal transport estimator operates on spectrogram
mixtures that contain substantial distortion, so the transport
process naturally redistributes the noise across the signals.
Without an additional constraint or term in the objective func-
tion to mitigate this effect, the noise is inevitably incorporated
into the transport plans and, consequently, the reconstructed
spectrograms. Future work will address this challenge by

12 1 T T T T T
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Fig. 4: Comparison of Signal-to-Distortion ratio increase for
different source separation methods.

exploring unbalanced optimal transport methods [24], which
offer a more flexible framework for de-noising tasks.

In the final experiment, we apply our method to reconstruct
time-domain signals using the multichannel Wiener filter from
[5]. This process is useful for reducing residual noise and
allowing a time-domain reconstruction of the estimated power
spectrograms. To assess the performance, we measure the im-
provement in Signal-to-Distortion Ratio (SDR), which quanti-
fies the reduction of interference and noise in the reconstructed
signal compared to that of the receiver mixtures,

o2 o2
5 > — 10log;, <2> , 9
0D, 0D, mix

2

where 02 = E [sk} denotes the variance of the original
clean source signal, O'D’é = E [(sk f§k)2] represents the
variance of the distortion in the estimated signal, i.e., the
error between the original and reconstructed source, and
0D miz = E [(sk — Smia)?] corresponds to the variance of the
distortion in the observed mixture signal before separation.

The results in Figure 4 indicate that the proposed OT
method consistently outperforms the other approaches, par-
ticularly at higher SNRs, where it achieves a significant SDR
increase. In contrast, FDICA and MNMF exhibit a decline
in SDR as the SNR increases, indicating that both methods
struggle to properly separate the given data, often reporting
estimates that are still mixed. Overall, the experimental results
validate the effectiveness of the proposed method for joint
source separation and TDOA estimation, demonstrating its
capability to handle both challenges simultaneously with good
accuracy and efficiency.

ASDR = 10log;, (

CONCLUSION

In this paper, we develop a novel approach for the task
of source separation and TDOA estimation for a multichan-
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nel acoustic system. Our proposed method is based on a
multi-step optimization formulated using an optimal transport
framework, which is solved efficiently as a block-coordinate
descent algorithm. By exploiting the structure of the optimal
transport problem, we achieve effective separation of the
individual source spectrograms through their transport plans
estimates, while precisely evaluating the relative delay values.
We utilize these estimates to reconstruct the spectrograms,
which are then included in a multichannel Wiener filtering
application to recover the time domain signals. The proposed
method shows a promising performance in the case of physical
speech data, and improved results compared to commonly
used delay estimation and source separation methods. This
work demonstrates a solid foundation for developing a method
for multichannel source separation and TDOA estimation for
real room-acoustic reverberant settings and microphone array
structures.
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