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Abstract—In the last decade, the coherent transmission over
fiber has attracted many research interests, mainly for long-
haul transmission, due to its advantages in terms of DSP
processing. However, with the raise of demand for higher baud-
rates and increased technical requirements, the current DSP al-
gorithms have failed to offer suitable performance in the extreme
transmission scenarios such as high State-of-Polarization (SOP)
frequencies. Meanwhile, the joint effect of polarization mode
dispersion (PMD), fast SOP rotation, carrier frequency offset
(CFO) and phase noise significantly degrade the performance
of the whole system. In this scenario, the use of conventional
blind equalizers such as constant modulus algorithms (CMA)
and multi-modulus algorithms (MMA) would not be enough for
symbol detection. In this work, we propose the decision feedback
estimation (DFE) as the baseline for a joint Multiple-Input
Multiple-Output (MIMO) equalization and CFO compensation.
The devised DFE-like algorithm, implemented in an adaptive
manner, allows MIMO equalization even at high CFO and SOP
rates. The algorithm is developed in both blind and semi-blind
scenarios based on QAM using the probabilistic constellation
shaping (PCS) technique.

Index Terms—Optical Coherent Communications, Semi-blind
Equalization, Decision Feedback, Carrier Frequency Offset, SOP

I. INTRODUCTION

Coherent transmission has recently demonstrated signifi-
cant success in fiber optic communications due to its lower
complexity, high performance and capability to achieve high
baud rates [1]. Additionally, the information rate in the optical
communication systems have improved tremendously close to
Shannon’s theoretical limits, thanks to the integration of prob-
abilistic constellation shaping (PCS) in coherent transmission
[2], [3]. However, the non-uniform symbol distribution in PCS
presents more challenges in the phase and frequency estima-
tion process compared to the traditional square Quadrature
Amplitude Modulation (QAM) scheme. Likewise, the presence
of high State-of-Polarization (SOP) rates, polarization mode
dispersion (PMD) and carrier frequency offset (CFO) in the
optical communication systems created severe performance
impairments, which are mitigated using appropriate DSP al-
gorithms [4]. Furthermore, other optical system impairment
factors, such as polarization-dependent loss (PDL), emerge
from in-line optical components such as isolators, multiplex-
ers, couplers and amplifiers remain a significant bottleneck
challenge for the system.

In long-haul optical communication systems, PDL, chro-
matic dispersion (CD) and fiber loss are among the static
impairments. The PDL and CD can be compensated using the
static equalization approach in the frequency domain, where
the fiber loss can be addressed using Erbium-Doped Fiber
Amplifier in each fiber span [5]. Subsequently, the effect
of PDL on the optical signals increases with the length of
the fiber. This effect introduces an asymmetry in the Optical
Signal-to-Noise ratio (OSNR) between the two polarization
states, which results in degradation of the bit error rate (BER),
potentially leading to reduced transmission reliability [6]. On
the other hand, dynamic impairment usually occurs as a result
of SOP and PMD. These impairments are considered the most
challenging aspect and require an advanced DSP technique
for compensation. In transmission links, SOP might display a
variation of 45, 000 rotations/seconds [7] where PMD creates
crosstalk along the two polarizations [8].

Essentially, the most crucial equalization techniques consid-
ered in coherent detection are pilot-based and blind equaliza-
tion [9]. Pilot-based equalization requires a training sequence
that consumes extra bandwidth, whereas blind equalization
relies on statistical information of the transmitted symbols and
does not require additional bandwidth [10], [11]. However, to
improve the blind equalization performance with less com-
plexity, semi-blind equalization is adopted [12]. Nevertheless,
polarization demultiplexing has been presented in the literature
[13]–[15] and reference therein. Authors in [13] proposed
a fractionally spaced equalizer (FSE) for the mitigation of
chromatic dispersion (CD) and PMD in coherent optical
communications. Alternatively, authors in [16] proposed an
adaptive tracking using an extended Kalman filter for polar-
ization demultiplexing of complex-modulated signals in Stokes
space, where the proposed approach displays a robust perfor-
mance compared to the geometrical approach. However, the
Constant Modulus Algorithm (CMA) [14], the Multi-Modulus
Algorithm (MMA) [17]–[19], and the Decision-Directed Least
Mean Square (DD-LMS) Algorithm [20] are the most fre-
quently used algorithms for multiple-input multiple-output
(MIMO) coherent detection. Authors in [14] proposed a
constant modulus algorithm (CMA) equalization using a two
by two matrix in the digital domain. Similarly, authors in
[15] considered a QPSK and 16-QAM modulation schemes,
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proposing a blind equalization technique based on independent
component analysis to eliminate PMD and PDL. To further
improve the receiver performance, Semi-blind solutions that
are based on pilots insertion in the frame structure have also
been proposed in [21], [22].

In this paper, we propose a joint tackling of the SOP and
CFO problems using a semi-blind DFE equalizer as the base-
line approach for MIMO optical communication systems. Our
adaptive DFE approach enables robust MIMO equalization,
even under high CFO and SOP conditions. The proposed al-
gorithm is formulated for both blind and semi-blind scenarios,
leveraging QAM and employing the PCS technique to enhance
the performance.

The paper is structured as follows: Section II presents the
system model, while Section III presents the formulation of the
proposed joint semi-blind DFE equalizer. Section IV presents
the simulation results.

II. SYSTEM MODELING

Throughout this paper, we only consider linear impairments
from signal transmission along the optical fiber. We assume
that a static equalizer has compensated chromatic dispersion
(CD), therefore, after matched filtering with perfect timing
synchronization, the discrete-time (dual-polarized) received
baseband signal can be modeled as follows:

x (k) = F−1 {M (ω) · F {R (k) s (k)}} ej(2π∆fk+ξ(k)) + n (k),

where
• F {·} is the Discrete Fourier Transform (DFT) operation;
• s (k) = [s1 (k) , s2 (k)]

T represents the transmitted sig-
nals, where s1(k) (resp. s2(k)) denotes the transmitted
signal on X-polarization (resp. Y-polarization), respec-
tively. The superscript (·)T stands for the transpose
operator. The iid source signal is generated according to
Maxwell-Boltzmann distribution [2] given by:

PX(x) =
exp(−λx2)∑
t∈P exp(−λt2)

, (1)

where λ > 0 is a scalar that controls the en-
tropy of the source X , denoted by H(X). P =
{±1,±3, ...,±(D − 1)} represents the alphabet set of
PS-D-PAM with its probabilistic vector being given by
p = [PX(1−D), ..., PX(−1), PX(1), ..., PX(D − 1)]

T.
For PS-D2-QAM, whose entropy is given by 2H(X), the
distribution is given by the probabilistic matrix Q = ppT,
i.e. P (x+ jy) = PX(x)PX(y).

• x (k) = [x1 (k) , x2 (k)]
T is the received signals, where

x1(k) (resp. x2(k)) stands for the received signal on X-
polarization (resp. Y-polarization);

• R(k) describes the time-varying SOP rotation matrix
given as:

R (k) =

[
cos θ (k) e−j sinϕ(k) sin θ (k)

−ej sinϕ(k) sin θ (k) cos θ (k)

]
(2)

• M (ω) is the first-order PMD matrix in the frequency
domain written as follows:

M (ω) =

[
e−jω∆τ

2 0

0 ejω
∆τ
2

]
(3)

• ∆f is the frequency offset between the transmitter laser
and the local oscillator;

• ξ(k) denotes the phase noise corresponding to laser line
width expressed as a discrete time-varying phase;

• n (k) = [n1 (k) , n2 (k)]
T is the additive zero-mean

circularly-symmetric complex-valued Gaussian noise,
which is independent across polarizations. The In-phase
and Quadrature components of the noise are also inde-
pendent and identically distributed (iid.).

We consider a semi-blind scheme, where Np pilot symbols
are used at the beginning of the transmission, then after every
d data symbols, one pilot symbol1 is inserted, periodically to
better mitigate the frequency jitter.

III. JOINT SEMI-BLIND DFE EQUALIZER

A. Batch DFE

In the absence of CFO, a DFE equalizer consists of two
linear filters: a causal filter of length LB applying to estimated
symbols after decision and an anti-causal filter of length
LA + 1 applied to the received symbols, where 2 × 2 taps
are hereinafter referred to as B(k) and A(k), respectively.
The cost function of DFE is given by.

J (C) = E
{∥∥∥s (k)−CHZ (k)

∥∥∥2} , (4)

where E {·} denotes the expectation operator, the 2(LA +
LB + 1) × 2 dimensional2 filter C is given by C =
[AT ,BT ]T where A = [AT (0), · · · ,AT (LA)]

T and B =
[BT (1), · · · ,BT (LB)]

T , ∥·∥ denotes the Euclidean norm and
(·)H stands for Hermitian transpose operator. Z is the input
to the equalizer, given by

Z (k) =
[
XT (k) ,ST (k)

]T
, (5)

where X (k) =
[
xT (k + LA) ,x

T (k + LA − 1) , ...,xT (k)
]T

and S (k) =
[
sT (k − 1) , sT (k − 2) , ..., sT (k − LB)

]T
,

with s being either a pilot symbol or a previously
detected symbol. By letting ∇J (C) = 0 and after some
straightforward derivation, we have

C = E
{
R−1

ZZRZs

}
, (6)

RZs = E
{
Z (k) sH (k)

}
, (7)

and
RZZ = E

{
Z (k)ZH (k)

}
. (8)

1As stated, in our simulations, we used one pilot symbol but, obviously,
one can use instead small blocks (with several symbols) of pilots, periodically.

2In this paper, we used LA = LB in all simulation experiments.
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B. Adaptive DFE

Replacing E {·} by the exponential window averaging, the
adaptive DFE algorithm takes the following form:

ŝ (k) = CH (k − 1)Z (k) , (9)

C (k − 1) = R−1
ZZ (k − 1)RZs (k − 1) , (10)

where

RZZ (k) = βRZZ (k − 1) + (1− β)Z (k)ZH (k) , (11)

RZs (k) = βRZs (k − 1) + (1− β)Z (k) sH (k) , (12)

and 0 < β ≤ 1 being a chosen forgetting factor. Using the
matrix inversion lemma and after straightforward derivation,
we get

R−1
ZZ (k) =

1

β

(
R−1

ZZ (k − 1)− (1− β)h (k)hH (k)

β + (1− β)ZH (k)h (k)

)
,

with
h (k) = R−1

ZZ (k − 1)Z (k) . (13)

Using the latter equations into (10), we can get the adaptive
DFE algorithm as summarized in Algorithm 1.

Algorithm 1 Adaptive DFE: At time instant k, do
ϵ (k − 1) = s (k − 1)− ŝ (k − 1)
h (k − 1) = R−1

ZZ (k − 2)Z (k − 1)
γ (k − 1) = 1−β

β+(1−β)ZH(k−1)h(k−1)

R−1
ZZ(k − 1) = 1

β

(
R−1

ZZ(k − 2)− γ(k − 1)h(k − 1)hH(k − 1)
)

C (k − 1) = C (k − 2) + γ (k − 1)h (k − 1) ϵH (k − 1)
ŝ (k) = CH (k − 1)Z (k)

Note that s(k) denotes either a pilot symbol if available at
time k, or a decided symbol using soft or hard decision [23].

C. Joint DFE and CFO mitigation

The CFO is modeled as a time-varying phase term and the
considered cost function that can be written as follows:

J ′
(
C,∆f̂

)
= E

{∥∥∥s (k) ej2π∆f̂k −CHZ (k)
∥∥∥2} , (14)

where ∆f̂ denotes the estimated frequency of CFO. Since
we need to estimate both ∆f̂ and C, it is a nonlinear
optimization problem. Thus, we propose to optimize the two
parameters alternately and iteratively, where C is updated
through a block-wise processing presented by Eq. (6) and ∆f̂
is computed by:

argmax
f

F
{
sH (k) ŝ (k)

}
(f) . (15)

This process is initialized with the Np pilot symbols in a batch
way. In the adaptive scheme, one can simply use the adaptive
DFE together with a gradient-based technique to track, if
necessary3, the variations of the CFO. The schematic diagram
of the joint DFE and CFO estimation is presented in Fig. 1.

3In this work, we considered a constant CFO, in the simulation results.

Fig. 1. Schematic diagram of joint DFE and CFO estimation.

D. Simplified DFE

The matrix inversion in the DFE represents the most expen-
sive calculation of the algorithm (in the batch implementation,
it costs approximately, O(L3) where L = LA + LB is
the equalizer filter size). To reduce this cost, one can take
advantage of the whiteness of the input signal (i.e. RSS =
E(S(k)SH(k)) = σ2

sI (I being the identity matrix), to derive
a simplified version of the algorithm as follows. Based on (7)
and (8), RZZ and RZs can be rewritten, respectively, as:

RZZ =

[
RXX RXS

RH
XS σ2

SI

]
, (16)

RZs =

[
RXs

0

]
. (17)

Using the inversion lemma of 2 × 2 block matrices, one can
express

R−1
ZZ =

[
U−1 1

σ2
S
U−1RXS

− 1
σ2
S
RH

XSU
−1 1

σ2
S

(
I+ 1

σ2
S
RH

XSU
−1RXS

)] ,

(18)
where

U = RXX − 1

σ2
S

RXSR
H
XS . (19)

This finally leads to:

C =

[
U−1RXs

− 1
σ2
S
RH

XSU
−1RXs

]
. (20)

This latter formulation helps in reducing the algorithm’s cost
from 0(L3) to approximately 0((L/2)3) flops. Similarly, in the
adaptive scheme4, one can exploit equation (18) with equations
(11) and (12) to derive a reduced cost version of the adaptive
DFE algorithm which will be presented in an extended version
of this paper.

IV. SIMULATION RESULTS

This section presents the performance evaluation of the
proposed joint semi-blind DFE equalizer for MIMO systems
in the context of optical communications. The assessment
is based on the Bit-Error Rate (BER), which measures the
effectiveness of the proposed joint equalizer in compensation
for the CFO and tracks the SOP rate presence in the system.

4This is not presented here due to space limitation.
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TABLE I
SIMULATION PARAMETERS.

Parameter Notation & Value

Constellation type PCS-16-QAM
Entropy of source H = 2, 2.5, 3
Oversampling factor 2
Rolloff factor 0.05
Baud rate 96 GBaud
Initial θ of SOP π/12
Initial ϕ of DGD π/6
SOP rotation rate (rad/s) 2M (rad/sec)
Number of PMD stages 5
Number of data symbols Ns = 18000
Number of initial pilot symbols Np = 200
Number of transmitters Nt = 2
Number of receivers Nr = 2
Order of channel M = 10
Forgetting factor β = 0.998
Number of Monte-Carlo runs M0 = 50
Number of iterations for CFO estimation N0 = 20

The transmitted signal is modulated based on the PCS-16-
QAM scheme, and the remaining simulation parameters are
given in Table I unless otherwise stated.

The first experiment evaluates the performance of the pro-
posed joint semi-blind DFE equalizer under static and dynamic
channel conditions. The static channel scenario (SCN) repre-
sents a time-invariant channel with no SOP rotation and first-
order PMD, tested with CFOs of 100 MHz. In contrast, the
dynamic channel scenario (DCN) includes SOP rotations of
2 Mrad/sec, second-order PMD with two stages and higher-
order PMD with five stages at 100 MHz CFO, illustrating a
more challenging transmission environment.

The results demonstrate that the proposed joint semi-blind
DFE algorithm effectively tracks the SOP rotations and com-
pensates for the CFO. Additionally, it is observed that a slight
increase of the OSNR can compensate for the performance
margin between SCN and DCN, further highlighting the
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DCN, Second order PMD

SCN, First-order PMD

Fig. 2. BER against OSNR for PCS-16-QAM performance, H = 2.5.
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Fig. 3. BER against OSNR for PCS-16-QAM with different entropy at SOP
rate = 2 Mrad/sec.

robustness of the proposed joint semi-blind DFE equalization
approach (see Fig. 2).

The second experiment, shown in Fig. 3, investigates the
impact of PCS entropy (H) on the performance of the pro-
posed joint semi-blind DFE under dynamic conditions with
a high CFO of 200 MHz and an SOP rate of 2 Mrad/sec.
This creates a highly challenging scenario for SOP rotation
tracking and CFO compensation. The results demonstrate that
as the entropy H of the PCS-modulated signal decreases, the
performance of the joint semi-blind DFE equalizer improves
significantly. This decrease in the PCS entropy H optimizes
the probability distribution of the transmitted symbols, fa-
voring low-energy symbols that are less sensitive to non-
linear impairments, hence improving equalization efficiency.
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SOP rate = 20 Mrad/sec

SOP rate = 10 Mrad/sec

SOP rate = 2 Mrad/sec

Fig. 4. BER against OSNR for PCS-16-QAM with H = 2.5 at different
SOP rates.
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Figure 4 illustrates the performance comparison for different
SOP rotation rates, with a CFO of 200 MHz and a PCS
entropy H = 2.5. The results indicate that the proposed semi-
blind DFE effectively compensates for CFO and tracks SOP
rotations of 2 Mrad/sec and 10 Mrad/sec. However, as the SOP
rotation rate increases to 20 Mrad/sec, the system requires a
minimum of 12 dB OSNR to track the SOP and compensate
the CFO. This shows that the dynamic impairment increases
at higher SOP rotation rates, making equalization more chal-
lenging at moderate and low OSNR levels. Furthermore, the
performance can be improved by decreasing the PCS entropy,
which helps to optimize the probability distribution of the
transmitted symbols.

V. CONCLUSION

The combined impact of PMD, fast SOP rotation, and CFO
presents significant challenges to conventional blind equalizers
like CMA and MMA, especially when using PCS modulations.
To address these limitations, we propose a decision feedback
estimation (DFE)-based approach for joint MIMO equalization
and CFO compensation. The latter is of, relatively, low cost
and the adaptive DFE algorithm demonstrates robust perfor-
mance, enabling effective symbol detection even under high
CFO and SOP rates.
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