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Abstract—In this paper, an algebraic closed-form solution
for the moving target localization problem in a multiple-input
multiple-output radar with widely separated antennas using
bistatic range and bistatic range rate measurements is developed.
In the first stage of the proposed method, a weighted least squares
estimation is applied on a set of linear equations obtained via
nuisance parameter elimination technique to estimate the position
and velocity of the target. In the second stage, an estimate of the
error in the solution of the first stage is obtained to refine and
enhance the localization performance. The proposed algorithm
is showcased theoretically and by simulations to achieve the
Cramer-Rao lower bound performance under mild Gaussian
noise conditions. Numerical simulations are included to evaluate
performance of the proposed algorithm and verify the theoretical
results.

Index Terms—Moving target localization, multiple-input
multiple-output (MIMO) radar, singular value decomposition
(SVD), Bistatic range (BR), bistatic range rate (BRR).

I. INTRODUCTION

With the rise of multiple-input multiple-output (MIMO)
radar systems in recent years, numerous challenges have
emerged, driving extensive research efforts [1]-[6]. In partic-
ular, target localization using distributed transmit and receive
antennas has gained significant attention within the radar and
communications communities over the past decade [7]-[10].

Distributed MIMO radars leverage spatial diversity to en-
hance detection and estimation accuracy, making them a
powerful tool for target localization [11]. Various types of
measurements, including bistatic range (BR), bistatic range
rate (BRR), and angle of arrival (AOA), as well as their com-
binations, can be employed to estimate target parameters [8],
[12]. The integration of these diverse measurements plays a
crucial role in improving localization performance, particularly
in challenging environments.

Several methods have been proposed to estimate target
position using bistatic range (BR) measurements [13]-[17].
However, in moving target localization, both BR and BRR
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measurements must be utilized to accurately estimate both po-
sition and velocity. Furthermore, incorporating BRR measure-
ments enhances localization accuracy by providing additional
constraints on the target’s motion.

In [18], the authors proposed an algorithm for estimating
target position and velocity by dividing the measurements into
multiple sets, each formed using a reference transmitter and
all receivers (or vice versa). A closed-form two-stage weighted
least squares (TSWLS) estimator was then applied separately
to each set, and the individual estimates were combined to
obtain the final result.

In [19], a different TSWLS approach was introduced, where,
unlike [18], all measurements were processed together in the
first stage. This method consolidates all nuisance parameters
into a single reference parameter before applying two WLS
estimators to derive the final solution.

In this paper, we propose an efficient closed-form algebraic
TSWLS solution for moving target localization in distributed
MIMO radar systems. In the first stage, we construct a set
of linear equations from measurements by eliminating the
nuisance parameters through a structured singular value de-
composition (SVD) approach; these equations are then solved
using a WLS estimator to obtain an initial estimate of the
target’s position and velocity. In the second stage, we refine
this estimate by leveraging the inherent relationships between
the nuisance parameters and the target’s position and velocity,
effectively compensating for estimation errors introduced in
the first stage. Numerical simulations demonstrate that our
approach outperforms existing localization algorithms in terms
of accuracy and robustness, particularly in low and moderate
noise scenarios.

II. MEASUREMENT MODEL

Consider a distributed MIMO radar system comprised of
M transmitters and N receivers in a 3-D space. The location
of the ith transmitter and the jth receiver are denoted by
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Xt = [T Yir 2eq)" and Xy j = [@rj, Yrj, 2r )", rESpEC-
tively, fore =1,..., M and 5 = 1, ..., N. The velocity of the
ith transmitter and the jth receiver are represented by X;; =

[Z¢4, Uty 20.4)T and Xy = [abm,ym,ém]T respectively, for
i=1,...,Mand j =1,..., N. The position and the velocity
of a desired target are denoted by xo = [z0,¥o,20]7 and

%o = [#0, 90, 20]7, respectively.
The noise-free BR measurement for the (7,j) transmitter-
receiver pair is defined as sum of transmitter-to-target

range, d¢; = ||[Xo —X¢,|l, and target-to-receiver range,
d,; = || X0 — Xr;||, and can be represented as
Ty = dii + dyj, (D

The BR measurement in the presence of noise is modeled as
75,5 = Ti; + Ary;, where Ar;; is the measurement noise
term. Collecting all BR measurements in a vector, yields

r=r+ Ar, 2)
where r = [r{,..,,r]{[]T, ry = [Ti,1a---’7‘i,N]T,
r = [f‘?,...,f%}]q F,o= [fi»l""’fLN]T, Ar —
[Ar’{‘, cey Ar%}]T’ and Ar’i = [Ari,17 e Ari7N]T~ The

noise vector Ar is considered to be a zero-mean Gaussian
random vector with covariance matrix

Q: =E [ArArT]. 3)

The true BRR measurement for the (i,5)-th transmitter-
receiver pair defined as the sum of transmitter-to-target range
rate, dtz = pzmxt‘i(i(o —Xy,), and target-to-receiver range
rate, d,; = pl . (%o — %), is given by

Fig = dei + dyj. “)

Note that p,, = (a—b)/|[a —b|| denotes the unit vector
directed from b to a. In the presence of measurement noise,
the BRR measurement can be modeled as 721 §="Tij+ A,
where A7 ; is the noise term. The BRR measurements can
be stacked in vector form as

t=rF+ AR (5)
where + = [tf,... #1]T, & = [Fitse- ,7"1-7N]T,
% ?T I;T t B a .
o= b, 0yt T = [rm,...,ri’N]T, Ar =

AT A+ )T, and At; = [Afi’l, ceey AfLN]T. The BRR
noise vector Ar is also considered to be a zero-mean Gaussian
vector with the covariance matrix Q; = E [AFA#T] .

In this paper, we aim to estimate the unknown vector u =

T +1717T . o 7 2T T
[XO ,xo} using the measurement vector m = |, r =
m + Am, where Am is the total measurement noise vector
with covariance matrix

Q.. = blkdiag (Q,, Q;) . (6)

III. CLOSED-FORM SOLUTION
Stage I: Rearranging (1) as r; ; — d;; = d, ; and squaring

both sides, after some algebraic manipulations, gives
T T
(% — X, Xy i) — i jdy.

)

1
T 2 T, .
xT;j) X0 9 (riJ Xt,i Xt i

2

By taking the time derivative of (7), it follows that

. . \T T. .

(ke —%Xrj) X0+ (Xe,i — Xpj) RKo =TT
. T T . ;

Xy X — Xy X — Tijde — 1 di.

®)

Stacking (7) for the ith transmitter and all receivers yields, in
matrix form,

Sixo = z; +1dy, &)
where S, (j,:) = x{, - XrT,j and z;(j) =
% (rfd. + xg:ixt,i - xZ:jxm-). Note that in (9), the target

position X and the nuisance parameter d,; are unknown
and the nuisance parameter depends nonlinearly on the target
position. To form a set of linear equations, it is essential to
eliminate the nuisance parameter. To this end, we remove the
nuisance parameter d;; by premultiplying (9) by the matrix
M, of which the vector r; is in the null space, which is
denoted by

M, = VD, (10)

where D; = (diag (r;)) " and the matrix V is obtained from
the SVD of the matrix (Iy — Z) given by

. 0 vT T
(In-2Z)=[U u}[OT oHvT ]:UEZV ,
(11
Z= [ ON1*1 (I)JZY* } = circular shift matrix, (12)
N—-1 INxN

where U and V are orthogonal matrices of length
N x (N —1) associated with nonzero singular values of
(In —Z), u and v are vectors spanning the null space of
(In — Z) and (Iy — Z)7, respectively, and X is a diagonal
matrix with N — 1 nonzero singular values of (Iy — Z)7. As
(I —Z)D,r; = 0, it follows that VTD,r; is zero as well.
Thus, we have

MiSiXO = MlZl (13)

Taking the time derivative of (13) gives

where M; = —VTD2diag(#;), S; (j,:) = %!, — %I, and
z;i(§) = riTi; + xz’ﬂi)'ct,i — XZ:]-)'(TJ'. By stacking (13) and
(14) separately for all transmitters and then combining them,
it follows that

G160 = hy, (1s)
_ | %o _ | hia _| G11,0
where 0 = [ X0 ]’ by = [ hy» }’ G = [ Gi2,Gi1 }’
T
hia = |[(Miz)”, o (Mazan)'] 16)

o T . 7T
hip = | (Ns + Muga) oo (Wi + Magi ) } ,
Gui = [OLS)T. . (MySa)"]

0 . \T . RN
GLQ— <M181+M181) 7,(1\/[]\/[8]\4-i—l\/_[]wS]\/[) :| .
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We should consider the noise in the measured values. Replac-
ing r and I with ¥ — Ar and  — Ar in (15) and ignoring the
second-order noise terms gives the error vector as follows

e1=h; — G0, (17)
_ _ Bl,la 0]
where €1 = B;Am, B = { B 2B, ], and
Bl,l = blkdlag [VT (IN — Dldt,l) P
VT (In — Dadin) |,
B, , = —blkdiag[VT (Dldt,l + Dldt,l) ay

vT (DMdt,M + DMdt,M) ]

The WLS solution of (17), which minimizes the cost function
€W e, with respect to , is [20]
~ ~ ~ \ 1. ~
6 — (G{Wlel) GTW,h, (19)
where W is a symmetric positive definite matrix chosen here
as

W1 = E [E?lE:T]il == (B1QmB,{)71 ) (20)

Note that the weighting matrix W is dependent on the
unknown nuisance parameters through B;. To implement the
algorithm in the first stage, we first consider W1 = Q,}l to
obtain an initial estimate of the target position and velocity.
The estimated values of % and X are then applied to estimate
the nuisance parameters and generate a more accurate value
of W. Repeating again the WLS solution (19) with the new
weighting matrix results in a more accurate estimate of the
target position and velocity.

Stage 2: In this stage, we refine the solution obtained in the
first stage. Specifically, we provide estimates of errors in the
estimation of the target position and the target velocity, Axq
and Axg, and subtract them from the estimated target position
and velocity (obtained in the first stage). Such a refinement can
result in a substantial improvement in the performance of the
proposed method.

We substitute the terms xo = %o — AXo, Xg = Xg — Axo,
Tij = fi,j — AT’i’j and 7-"2'7]' = ;i,j — A’l"lj into (7)
and (8). Further, we approximate d;; = ||xo — x¢,|| and
di = pL, , (ko — %) in (7) and (8) with the first two
terms of their corresponding Taylor series. That is

Axg, (21)

i

dii = [|Ro =% — Axo|| & [|Ro — X1.ill — PEy ;.

- T(z . .
(XO — Xti — AXO) (Xo — Xt,q — AXO)
%o — %¢,i — Axo|
~ T s . T T .
~ pfio,xt,q: (XO — Xt ) T pfimxmAXO - pﬁ07xt,iAXO7
(22)
where p, 1, is given below (4) and p, y, is the time derivative of

_ a—b)T . .
P defined as gy, = (1= R (a4 b)/fla— bl

As a result, (7) and (8), after neglecting the error terms higher

dyi=

)

than the linear ones, are expressed as follows

3 (X = X%, + 77 5) = (% — %) %o

—Fijl|%o — Xell + (Xei = Xrj + 7Py, )T A%0 (23)
~ (Fig — %o — xull) Ari g,

/N

o« T o T ?A a (3 VAR
Xp Xy — Xp X5 T Tz,ﬂ"w) (ki — %r5)" %o
TS < A ~ T s .
=%t = %r5)" X0 = 735 |[Ro = Xpill = FijPx, x, (Xo - Xt,i)
. o ) ?_ ) A T
(Xtvl — Xpj T Psg x: JTF Ti,j pfco,xt‘q‘,) Axg
(Xtﬂ? —Xpj + Ti7jpﬁo,xt‘i) AXO

- -

~ (f“m' = Py (f(o — X ) ) Arig
= (Fig = %o — xe4]) Ars 5.
(24)
Applying (23) and (24) for all transmitters and receivers and
combining them, we obtain

gy = hy — GoAG, (25)

hy

A R - G2.1,0
here €5 = BoAm, by = = e e
where € 281m, hy [hzz] 2 [Gz,Q,GZl }

~ BQ 1,0 :|
B = DN
? |: B2,27 B2,1

leJ(k) = 1 (xgixm

T 2
— X X T T )

2 Tow ’I“A,] b
—(xt,i — X 5)" Ko — 7 j[|%0 — Xz,
by (k) = (x{ixt’i — KL%, + Fighi

-~

— (%t — %) TRo — (x4, — %1 ) T %0

~Figl1%0 = Xtall = 713, x, (R0 = K1)

. ; (26)
Go1(k,:) = —(x¢ — Xpj + fi,jpsco,xt,i)T,
Gopa(k,:) = —(Xei — Xrj + 74 jPgo x,
R +7ﬁi,jﬁf<0,xt,i)T7
Bo1(k, k) =745 — ||%o — X,
Boi(k, k) = 705 — Py (K0 — %ei)s
and k = (i — 1) N + j. The WLS solution of (25) is [20]
~ ~ ~ -1 . ~
Ab = (G§W2G2) GTW,h,, 27)
where W is the weighting matrix given by
. N1
W, = (B.Q.BI) . (28)

Finally, the refined solution of the target position and velocity
is obtained via L .

0=0-A0, (29)
where 6 denotes the final estimate of the target position and
velocity 6.

IV. PERFORMANCE ANALYSIS

In this section, we aim to establish the efficient performance
of the proposed method. To this end, we first compute the
error covariance matrix of the proposed estimator. Then, we
showcase that the performance of the proposed estimator can
achieve the CRLB under mild Gaussian measurement noise
conditions.
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To derive the error covariance matrix of the proposed

estimator, it is needed to compute 6—-FE{6}. specifically,

we express d and Aé, the estimated values in the first and
second stages, as @ + AO and AO + 06, respectively. Then,
we have

57E{§} — E{36) — 6. (30)
Subtracting A@ from both sides of (27), defining 66 = Af —
A, and using (25), we obtain

50 = (G2TW2G2) L GTW,es. 31)
The direct computation of £ {§0} is a rather intractable task as
the error terms and noise exist in both Gg and €. In the case
of small measurement noise and error (i.e., when Ar; ; < r; ;
and A7 ; <7y fori =1,...,M and j = 1,...,N and
AG(l) < 0(l) for I =1,...,6), the corresponding terms in
Gg and Bg can be ignored. As a result, one can relate 66 to
the measurement noise vector Am via a linear dependence as

56 ~ (GTW,G,) ' GIW,B,Am. (32)

It follows from (32) that E {60} = 0. Thus, the error covari-
ance matrix of the proposed estimator can be approximately
expressed as follows

cov(8) = cov(60) ~ (GQTWQGZ)f1 ) (33)

The CRLB of 8 equals the inverse of the Fisher information
matrix. Under the Gaussian measurement noise model, it is
simplified as [20]

CRLB(6) = (V3 (m)Q,'Vo(m)) . (34)

where V4 (m) denotes the partial derivative of the true mea-
surement vector m with respect to the unknown vector 8 and
can be expressed as follows

< 0} ; (35)

Vo) = |6 o
where C and C are matrices of size M N x 3 in which the kth
rows are given by C(k,:) = px ., . + P, x,, and Ck,:) =
/.)Io,xt,i + ﬁzo,xm’ where p, 1, and p, , are given below (4)
and (22), respectively,and k = (i — 1)N + jfori =1,..., M
and j = 1,..., N. If we substitute W4 given by (28) in (33),
we will obtain the following expression for the covariance
matrix of the proposed estimator

1

cov(f) ~ (G1Q;'G;) (36)

where we have defined G; = B;'G,. It can be noticed
that the above expression for the covariance of the proposed
estimator and the CRLB given by (34) have similar forms. In
addition, if we form Gg using some straightforward mathe-

matical manipulations, we obtain
G3 = Vy(m). (37)

As a result, we analytically confirm under the small Gaussian

TABLE I: True Position and Velocity of Transmitters and
Receivers (in SI units).

Tx no. ¢ T Yt,i 2 Tei o Yt Rty
1 Reos(r/6)  R/2 300 10 10 10
2 0 2R 250 20 0 0
3 —Rcos(w/6) R/2 400 10 100 10
4 —2Rcos(n/6) —R 100 20 15 10
5 0 -R 200 40 30 0
6 2R cos(m/6) -R 150 50 25 15

Rx no. j JU»,«J‘ yr,j Z,«,j ir,j f/r,]‘ ?;’»,«J‘
1 0 0 100 30 —20 20
2 2R cos(m/6) 0 200 —-30 10 20
3 Rcos(m/6) 3rR/2 350 10 —20 10
4 —Reos(r/6) 3R/2 250 10 20 30
5 —92Rcos(r/6) 0 400 —20 10 10
6 —Rcos(r/6) —3R/2 150 20 —10 10
7 Rcos(n/6) —3R/2 300 15 20 0

measurement noise that cov(8) ~ CRLB(0).

V. SIMULATIONS

The radar geometry used for numerical simulations is
demonstrated in Fig. 1. We consider a MIMO radar with
M = 6 transmitters and N = 7 receivers, whose positions and
velocities are tabulated in Table I, where R is the side length of
each hexagon depicted in Fig. 1 and is considered to be 1000
m. In simulations, we consider two targets located at xél) =
[~0.5R, —0.5R,0.5R)"m and x{*) = [2R,2R,2R]"m, rep-
resenting a near-field and a far-field target, respectively. The
velocity of both targets are considered to be the same and equal
to )'(él) = )282) = [50, 50, 20]“m/s. The localization accuracy
is assessed via the root mean squares error (RMSE) criterion,

2
which is defined as RMSE (xq) = \/ZZL_1 )”c(()l) - XQH /L

R 2
for position and RMSE (%xg) = \/Ef_l )'(él) - )'coH /L for

velocity, where &él) and fcol are the estimates of xg and X
at the /th Monte-Carlo run, respectively, and L = 1000 is the
number of runs. The noise covariance matrix is considered as
Q.. = blkdiag (¢,J1,0:J1), where o; = 0.0lc,, J; is an
MN x MN diagonal matrix with diagonal elements equal
to one. In the simulation, o2 varies from 10~* to 10%. The
position and velocity RMSE of the different estimators versus
UZ for both targets, X(()l) and x(()2), are represented in Fig. 2
(a) and (b) and Fig. 3 (a) and (b), respectively. As shown
in these figures, the proposed estimator outperforms the other
algorithms in both cases. It can be seen that the proposed
method can attain the CRLB performance for both position
and velocity up to relatively high noise levels.

VI. CONCLUSION

We proposed an efficient algebraic TSWLS method for
moving target localization in distributed MIMO radar systems.

2210



1+

2 1.5 -1 0.5 0 0.5 1 1.5 2
x (km)
Fig. 1: Geometry of the distributed MIMO radar system in the
x-y plane.
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Fig. 2: Performance comparison of different localization esti-

mators for the first target xél).

Simulation results demonstrated that the proposed approach
achieves near-Cramér-Rao Lower Bound (CRLB) accuracy un-
der mild noise conditions and outperforms existing localization
methods in both position and velocity estimation.
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