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Abstract—In this paper, we design the multiple frequency-
hopping (FH) waveforms for the joint radar and communications,
aiming to improve correlation properties of waveforms and
meanwhile to guarantee high-quality information transmission.
To this end, we first establish an appropriate model for the FH
waveforms. Then, we exploit the frequency diversity of waveforms
to implement information embedding (IE) in the fast-time domain
from the communication side, and utilize the flexibility of initial
phases of waveforms to reduce the integrated sidelobe level (ISL)
of FH waveforms from the radar point of view. We propose
the waveform design that minimizes ISL under constraints of
fast-time IE and constant-modulus waveform property, which is
formulated as a non-convex optimization problem. To solve it, we
explore the inherent algebraic structures and apply elementary
properties to transform its objective function into a tractable
form. Our major contributions also lie in elaborating a series
of proper majorants for the reformulated objective function via
majorization-minimization technique, which helps us to derive
closed-form solutions for iterations. Simulation results verify the
effectiveness of our proposed design.

Index Terms—Frequency hopping, information embedding, inte-
grated sidelobe level, joint radar and communications, waveform
design.

I. INTRODUCTION

The joint radar and communications (JRC), which aims
to tackle the issues of frequency spectrum congestion and
competition, has become a hot research topic in recent
years [1]-[3]. Among the relevant research, the JRC [1]-
[11] mainly focus on collaborative design and co-design
from the perspective of implementation. The former category
suppresses or manages the interference between radar and
communications with independent transmitters and overlapping
bands in a collaborative manner [3]-[5], while the latter enables
radar and communications to share the spectral and hardware
resources in an integration manner [6]-[11]. Since the co-
designed JRC can reduce the size, power consumption, and
cost, the latter category has attracted significant interest over
the past decade. To integrate both radar and communication
functions into one platform, some approaches are developed
to embed communication information into frequency-hopping
(FH) [6]-[8], frequency-modulated continuous wave [9], [10],
or orthogonal frequency division multiplexing [11] waveform
emissions of radar in JRC.

When communication information is embedded into FH
waveforms, the JRC benefits from the excellent anti-interference
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capability [10] and low probability of intercept [12], which has
therefore been studied extensively [12]-[17]. To implement
high-rate information transmission, some information embed-
ding (IE) strategies based on fast-time waveform modulation
scheme, such as code shift keying [12], phase shift keying [13],
or frequency index modulations [14], have been investigated.
However, these IE strategies lead to high correlations of FH
waveforms, which prevents the extraction of potential targets
with low attenuation. Aiming to address this issue, the work of
[15] utilizes the interleaving technique to optimize the mapped
communication symbols. Although it can effectively reduce the
auto-correlation level of FH waveforms, it comes at the cost of
increased cross-correlations. To further improve correlations of
FH waveforms, the codebook optimizations are studied [16],
[17]. Unfortunately, they solve the corresponding optimization
problems using genetic or exhaustive search algorithms with
high computational complexities. These motivate us to develop
an advanced FH waveform design with good correlation
properties and low computational complexity for the JRC.

In this paper, we focus on the multi-FH waveform design for
the JRC. Our goal is to simultaneously achieve good correlation
properties of FH waveforms and high-quality communication
transmission. To facilitate the design, we first establish an
appropriate model for FH waveforms. Then, we exploit the
frequency diversity of waveforms to embed information in the
fast-time domain for the communication side, and utilize the
flexibility of their initial phases to reduce the integrated sidelobe
level (ISL) for the radar side. Based on this, we formulate
the proposed waveform design as a non-convex optimization
problem, which minimizes the ISL under the constraints
on fast-time IE and constant-modulus property. To solve it,
we transform the objective function into a tractable form
by exploring its inherent algebraic structures and properties.
Our major contributions also lie in developing an algorithm
that iterates with closed-form solutions after elaborating a
series of proper majorants for the newly obtained objective
function within the majorization-minimization framework [18].
Simulations verify the effectiveness of our proposed design.

Notations: We use @, ©, 7, =, ()%, ()T, O |-, |-l
vec(), arg(s), Amax(+), O(-), R{-}, ©{-}, and max{-} to
denote the Kronecker product, Hadamard product, gradient
operations, generalized inequality between matrices, conju-
gation, transpose, Hermitian transpose, modulus, Euclidean
norm, column-wise vectorization, argument of a complex value,
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largest eigenvalue of a matrix, order of complexity, real part,
diagonalization, and maximum value, respectively. In addition,
[']¢,n denotes the (g, n)-th element of a matrix, Ins is an M x M
identity matrix, and 1, is an M x 1 vector with all elements
equal to 1.

II. SIGNAL MODEL

Consider a JRC system with multi-FH waveform transmis-
sion, which simultaneously performs both radar and communi-
cations functions through one platform. The JRC launches in
total M FH waveforms consisting of () sub-pulses within one
pulse. We denote Ay and A, = 1/A as the frequency step
and sub-pulse duration, respectively. The m-th baseband FH
signal can be expressed as

Q
t) :Z exp{j(¥m,q + 2mCm g Ast) frect (t — (g — 1)Ay)
q=1
M
where ¢,,, 4 is the FH code selected from the set S = {1,..., N'}

within the g-th sub-pulse for the m-th waveform, v, 4 is the
initial phase which arbitrarily ranges between 0 and 27, and
rect(-) is a window function which equals 1 only if the argument
falls within [0, A;) and otherwise is 0. Note that to ensure that
the cross-correlations of waveforms are zero at zero-time lag,
the selected FH codes for different waveforms within each sub-
pulse are distinct, i.e., ¢ g # Cmrq, m # M/, Vg € {1,...,Q}.

After sampling the baseband FH signal via the proper
sampling interval t, the discrete form of (1) can be expressed
as follows

Q
Sm(p) = Z exp{j (d’m,q + QWCm,qu(p - 1)ts)}
q=1
xrect((p— 1t — (¢ — 1)A), pe{1,...,QL}
2

where L £ A, /ts is the number of discrete samples within
one sub-pulse.

Let us introduce the vectors d = [0,27/L,...,2n(L —
/LT € REXY ¢,y & [emity -y Cmg] T € RXL, and 4, &
{exp{jz/Jm,l},...,exp{jz/)mQ}}T € €' Based on these
vectors, we can rewrite (2) into the form given as follows

Sm = exp{(jcm) ®d} © (P, @ 1L). 3)

From the perspective of MIMO radar, the set of M wave-
forms is expected to have good correlation properties and
perfect mutual orthogonality to each other, so that targets at
range bins of interest can be easily extracted without attenuation.
Toward this end, the ISL which characterizes the auto- and
cross-correlations of waveforms is commonly used, which can
be expressed as the following form

M QL-1 M QL-1
=Y > lramb) +Z Yo > lraw @
m=1 P—fQLJrl m=1 m/=1 p=—QL+1
pF m! #m
“

where 7 (P ) Zl p+18m( )s syl —p) = (Tm’m(_p))*’
p € {1,...,QL — 1} denotes the cross-correlation between
the m-th and m/-th waveforms at the p-th time lag.

From the perspective of communications, the high-rate IE is
of interest, which can be implemented by waveform modulation
in the fast-time domain. To this end, we here apply frequency
index modulation to choose FH code from the set S for each
waveform within each sub-pulse, which enables the mapping
relationship given as follows

¢m =Uph, me{1,...M} 5)

where the vector h 2 [1,..., N]T € RV¥*! is composed of
all available FH codes, U,, € R9*N is the selection matrix
whose (¢, n)-th element is chosen from {0,1} to record the
selection of the FH code n for the m-th waveform within @
sub-pulses. Note that the M selection matrices during each
pulse satisfy the condition [U,,]q.n # [Umilgn, m#m';q €
{1,...,Q};n € {1,..,N}, thereby ensuring that the cross-
correlations of waveforms are zero at zero time lag For this
IE strategy, the user can obtain the matrices {U,,},,_; via
the maximal-likelihood detection.

Overall, the JRC that integrates both radar and communi-
cation functions into one platform can be implemented via
waveform design under the constraint of IE. Our goal here is
to obtain good correlation properties of multiple waveforms
from the radar side, and meanwhile, to achieve high-quality
information transmission from the communication side.

III. THE FH WAVEFORM DESIGN WITH IE

In this section, we propose a novel method to design multi-
FH waveforms with low ISL and high-quality communication
for the JRC. Based on the signal model above, the FH
waveform design, which minimizes ISL under the constraints
of constant-modulus property and fast-time IE with frequency
index modulation, can be formulated as

min (6a)
{va"/’m m=1
st (g =1, ¢ge{l,...,Qkme{l,..., M}
(6b)
Sm = eXP{(ijh) ® d} O] ("pm ® ]-L)v
me{l,...,M} (6¢)

where the objective function (6a) formulates the ISL ( that
has been defined in (4), the constraint (6b) guarantees the
constant-modulus property of FH waveform, and the constraint
(6¢) obtained by substituting (5) to (3) guarantees the high-rate
IE with the predetermined selection matrix U,,. Note that the
optimization problem (6) is non-convex and difficult to solve,
for which an efficient solution is to be developed.

Before proceeding with (6), we need to introduce several
new vectors and matrices to transform the ISL ( into the
frequency domain [18]. To this end, we store all vectors
{ }M_, and {s,,}M_,, and also matrices {U,,}}_, into
P 2 [l ph]T e cMexl s & [T sT]T e
CMQLX1 and U2 [UT,..., UL]T e RMOXN | respectively.
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Based on these new vectors and matrix, and also the constraint
(6¢), we can rewrite the overall waveform vector s as s = Cap
with C £ D{exp{(jUh) ® d}}(Insq ® 1) € CM@EXMQ,
Introducing the vector a, £ [1,exp{jwy},...,exp{j(QL —
Dwy }TeCOL*! with w, = mp/(QL) and the matrix A, £
Iy ®a, e CMRLXM with pe{1,...,2QL}, the ISL ¢ in (4),
after transforming into the frequency domain, can be rewritten
as follows

2QL
1
(= 5qr 2 (" AvAns)" ~ 20LsA, Alls 1 QLY
=
] 2QL
= 501 (¥ C" A, AL CY 2014 O A AT
p=1

+MQ*L?) (7)

Note that the second term on the right-hand side of (7) is
constant, which can be proved by the facts that ||| = MQ,
CHC = LIyq. and Y207 A, Al = 2Q LTy g1

Substituting (7) into (6) and ignoring the constant terms, the
original optimization problem can be rewritten as

2QL
min ;(szCHA,,A;ICzp)‘z (8a)
st. |[v(d) =1, ¢ e{1,..., MQ} (8b)

where the objective function (8a) takes a quartic form with
respect to ). Introducing the matrix ¥ £ 4p4p™ and using the
property pHCHA,ANCy = (vec(CECH))Hvec(A,AT),
the problem (8) can be further rewritten as

min (vec(C®CM))HPvec(CECH) (9a)
st W=t (9b)
(@) =1, ¢ €{l,....MQ} (9¢)

where ® £ Zi‘jf vec(A,AM) (vec(A,AT))H. To solve the
problem (9), we here apply the majorization-minimization
technique [18] to elaborate a proper majorant for the objective
function (9a). Before proceeding with (9a), we present the

following general result about majorization.

Lemma 1 [18]: If a real-valued function f(x) is second-
order differentiable with respect to a complex variable x, and
there is a matrix G > 0 such that the second-order derivative
2 f(x) satisfies the generalized inequality 72 f(x) < G for
all x, then for each point x, the following convex quadratic
function

9(x) = Fx0) + 5 (x —%0)"1 G x — x0)
+ R{ Vi (x0)(x — xo)} (10)

majorizes f(x) at xg.

Applying the majorization result (10) presented above, and
setting G = Apax (@)1 Mm20Q2L2, the objective function (9a) can

be majorized as follows
gl(\Il,lIl(k)) :(vec(C\I'(k)CH))H()““%(@IMzQsz — <I’)
x vec(C¥H CM 4 2R{ (vec(CECH))H
x (®— )"’%@IMzQsz)vec(C\Il(k)CH)}
+)‘"‘%@(vec(C\IICH))HveC(C\IICH) (11)

where we use the superscript (-)(*) to mark the corresponding
update at the k-th iteration, and the maximum eigenvalue
of ® is Apax(®) = 2MQ?L2. Utilizing the property
(vec(CW®CH))Hyec(CPCH) = M2Q?L?, the first and third
terms of (11) are proved to be constant. After ignoring constant
terms, the majorant for (9), denoted as obj, can be given by
obj = (vec(CTCH)H(® —~ MQ*L*1 )22 12 ) vec(CEH CH)
12)
Using the facts vec(A,AlY) = (A} @ Inqr)"vec(A,) and
vec(CPCH) = ((C*p*) ® C)1p, and also the mixed product
property of the Kronecker product, (12) can be derived as

2QL
obj = Y (4T CTA}) © CM)vec(A,)(vec(A,))"
p=1

x (Afcr(p)") @ C)p®) — MQ*L*
x PN (T (™)) @ Inrg)p®). (13)

Since the equality ((¢y"C"A7)® C")vec(A,)=C"A,AlCy
holds, the objective function (13) can be further expressed as
2QL
obj =Y ¢"CMA, (™) cHA, Al Cyp™*)
p=1

x ANCy — MQ*L* " (v (™)), (14)

Introducing the matrices A2[A 1, .. ., Aspile CMQLx2MQL
and TF) 2 @{HAIl{s(k)Hzl};[, R ||A§IQLS(]€)H21}\/[}, the
objective function (14) can be simplified as

obj = " (CTATWANC — MQ* LA™ (p*))1)ap (15)

Utilizing (15), we can express the majorized problem for (9)
as follows

ngn PHCHATW AN C — MQ2 LA™ ()Y gy (16a)

st. (@) =1, ¢ €{1,...,MQ}

where (16a) takes a quadratic form with respect to .

(16b)

To tackle the problem (16), we also apply the majorization

result (10) mentioned above. Selecting G 2 %), CHAANC

with ugfgx 2 max{T'*)}, the objective function (16a) can be

majorized as the following form
(k)
g2(th, ™)) =t p ICHA AT Cyp 4 ()T (M Q* L p ™)
X (M) )11 = CHA AR C — CHAT(MATC)
xp®) 2R{ " (CHATH AMC - M Q*L*
(k)
x () (qp PN _ tax CHA AT C) ™M) (17)
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TABLE I: ISL comparisons of the tested methods versus numbers of waveforms and sub-pulses.

M=2 M=3 M=4 M=5
Q=15]Q=30]Q=60[Q=90]Q=15]Q=30]Q=60]Q=90]Q=15]Q =30]Q=60]Q=90]Q =15]Q =30]Q =60]Q = 90
FHCS | 55.84 | 63.09 | 71.38 | 76.49 | 60.90 | 69.22 | 78.04 | 83.37 | 64.79 | 73.52 | 82.18 | 87.40 | 68.24 | 76.79 | 85.47 | 90.73
PBAL | 52.92 | 60.46 | 68.55 | 73.27 | 56.86 | 64.05 | 71.76 | 76.72 | 61.24 | 68.54 | 75.75 | 80.57 | 64.87 | 71.91 | 79.05 | 83.60
POCS | 51.51 | 57.56 | 63.52 | 67.00 | 55.04 | 61.10 | 67.15 | 70.76 | 59.59 | 65.66 | 71.72 | 75.34 | 63.20 | 69.21 | 75.35 | 78.89
Proposed| 49.16 | 55.12 | 61.06 | 64.53 | 52.89 | 58.84 | 64.82 | 68.31 | 57.68 | 63.62 | 69.59 | 73.11 | 61.39 | 67.35 | 73.34 | 76.85
Algorithm 1 The Proposed Waveform Design Algorithm. g o g o
1: Initialization: (), k < 0 2 2
: repeat 520 520
stk = Cop(® s | °
k) _ Ho(k)|[21T H  o(k))21T 340 3 .40
F( )= ©{HA1 S( )” 1M’ Tt ||A2QLS( )” 1M} © 600 300 0 300 600 © 600 -300 0 300 600
Indices Indices

(k)
2K =(CHA (152212 pior T F) ATCHM 2 QL Tsp ™)
) = exp{j - arg(z))}

2

3

4

5: ugfgx = max{T'("}
6

7

8 k< k+1

9: until convergence

where the first and second terms on the right-hand side of
(17) are constant, which can be obtained by the properties
AAY =2QL1y 01, CUC = LI, and 9 = MQ. Until
now, the majorized problem for (16) can be expressed as

Hbi;n — pHz(F) (18a)
st. |[9(d) =1, ¢ e{1,..., MQ} (18b)
whose closed-form solution is obtained by
3 = exp{j - arg(z™)} (19)
where
29 2(CHA (i Ty o — TN AFC+ M2Q LA T ) o™
(20)

The overall procedures for iterating the vector i) are sum-
marized in Algorithm 1, whose computational complexity is
O(M?Q?L?). To accelerate Algorithm 1, we can apply the
square iterative methods [19] .

IV. SIMULATION RESULTS

In our simulations, we first evaluate the ISL performance of
our proposed design, and compare it to the existing schemes
which include ‘FHCS’ [14], ‘PBAL’ [15], and ‘POCS’ [7].
Then, we evaluate the correlation levels of the FH waveforms
generated by the aforementioned four methods including
‘FHCS’, ‘PBAL’, ‘POCS’, and our proposed design. Finally,
we compare the symbol error rate (SER) performance of
our proposed design with that of ‘FHCS’. Throughout the
simulations, we set the bandwidth and sampling frequency to
be 150 MHz and 300 MHz, respectively. Moreover, we choose
the absolute difference of the ISL values obtained at the current

(a) Auto-correlation of the first (b) Cross-correlation between the

waveform first and second waveforms
A g0

© ©

> >

k) k)

c -20 c -20

S k]

© kS

o [

8-40 8 -40

-600 -300 O 300 600 -600 -300 O 300 600
Indices Indices

(c) Cross-correlation between the
second and first waveforms

FHCS PBAL

(d) Auto-correlation of the sec-
ond waveform

POCS

Proposed

Fig. 1: Comparisons of FH waveform correlations between the
tested methods.

and previous iterations normalized by the initial one as the
stopping criterion, whose tolerance is set to be 1078,

In the first example, we evaluate the ISL values obtained
by our proposed design and the other methods, including
‘FHCS’, ‘PBAL’, and ‘POCS’. Different scenarios with varying
numbers of waveforms M € {2,3,4,5} and sub-pulses
Q € {15,30,60,90} are tested. The corresponding results,
which are averaged over 20 independent trials, are shown in
Table L. It can be seen that our proposed design achieves the
lowest ISL values compared to the other tested methods in all
considered scenarios, and the ISL differences become larger as
the number of sub-pulses increases. For instance, in the case
of M = 3 and @ = 90, the ISL value for our proposed design
is around 15.06 dB, 8.41 dB, and 2.45 dB lower than ‘FHCS’,
‘PBAL’, and ‘POCS’, respectively. It verifies the capability
of our proposed design in achieving low ISL values while
implementing IE in the fast-time domain.

In the second example, we investigate the correlation levels
of the FH waveforms generated by our proposed design, and
compare them with the aforementioned existing methods. For
all tested methods, the numbers of waveforms and sub-pulses
are set to M = 2 and @ = 100, respectively. The corresponding
results are shown in Fig. 1. It can be seen that the auto-
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Fig. 2: SER performance comparisons of the tested methods.

and cross-correlations of our designed waveforms outperform
those of the other three methods, which coincides with the
ISL results in the first example. To be specific, the proposed
design has reduced the worst auto-correlation level by 2.38
dB, 1.45 dB, and 1.24 dB compared to ‘FHCS’, ‘PBAL’,
and ‘POCS’, respectively. In accordance, the highest cross-
correlation level has been reduced by 10.93 dB, 13.21 dB,
and 1.37 dB. These results further verify the effectiveness and
superiority of our proposed design in improving the correlations
of FH waveforms.

In the third example, we compare the SER performance of
our proposed design with ‘FHCS’. In this example, M = 2, 3,
and 4 available waveforms are considered. We set the data rate
to be 2 bits per sub-pulse, and also fix N =5 and @ = 90
for all tested cases. We investigate the trends of the SER
performance versus signal-to-noise ratio (SNR) values, and the
corresponding results are shown in Fig. 2. It can be seen that
the SER values decrease as the tested SNR values increase,
and the SER performance of our proposed design is close to
that of ‘FHCS’. When M = 3 and the SNR value equals 5
dB, the difference in SER between our proposed method and
‘FHCS’ is 10~*. Therefore, our proposed design with low ISL
does not cause the degradation of SER performance.

V. CONCLUSION

We have developed an efficient multi-FH waveform design
with good correlation properties and high-quality information
transmission for the joint MIMO radar and communications. To
facilitate the design, we have first built an appropriate model
for FH waveforms. Then, we have exploited the frequency
index modulation to implement fast-time IE, and have utilized
the flexibility of initial phases of waveforms to reduce ISL.
We have proposed the waveform design that minimizes ISL
under constraints of IE and constant-modulus property, and
have formulated it as a non-convex optimization problem. To
obtain its closed-form solution at iterations, we have converted
its objective function into a proper form using elementary
algebraic properties, which has then been addressed by means
of majorization-minimization technique. Simulation results

have verified the effectiveness of our proposed waveform design
and its superiority over the existing methods.
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