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Abstract—We propose a nonconvexly regularized convex model
for linear regression problems under non-Gaussian noise. The
cost function of the proposed model is designed with a possibly
non-quadratic data fidelity term and a nonconvex regularizer via
the generalized Moreau enhancement of a seed convex regular-
izer. We present sufficient conditions (i) for the cost function of
the proposed model to be convex over the entire space, and (ii) for
the existence of a minimizer of the proposed model. Under such
conditions, we propose a proximal splitting type algorithm with
guaranteed convergence to a global minimizer of the proposed
model. As an application, we enhance nonconvexly a convex
sparsity-promoting regularizer in a scenario of simultaneous
declipping and denoising.

Index Terms—generalized Moreau enhancement, convex opti-
mization, non-quadratic data fidelity, proximal splitting.

I. INTRODUCTION

Sparsity-aware estimation of a target signal x* € 2~ from
its noisy observation:

y=Ax"+eec¥ (1)

is a central goal in inverse problems and signal processing
[1], [2], where 2" and % are finite-dimensional real Hilbert
spaces, A € B (42, %) is a known linear operator and € € ¥
is noise (see Section II-A for mathematical notation).

In this paper, we consider the following nonconvexly reg-
ularized convex (NRC) model! for estimation of x* in (1) by
using its prior knowledge on the sparsity of £x* with a certain
known linear operator £.

Problem 1 (Target NRC model). Let 2, %, %2, % and 3
be finite-dimensional real Hilbert spaces. Under the following
settings (see Section II-A for definitions of italicized technical
terms):

(a) C(C 3) is a simple closed convex set and € € Z (2, 3);
b) Ac B(Z,%) and f € Th(#%) is continuously differen-
tiable over ¥/,
(c) Weuse p eRyy, £€ B(X,%) and B € %(ﬁ”,.@?’)
Y eTy(Z) is coercive and prox-friendly;
(d) dom(¥o£)Ne!(C) #£0,
consider a nonconvexly regularized convex model:
minimize J(x) := foA(x)+ u¥po L£(x), (2)
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I'The cost function J in (2) enjoys the convexity by a technical condition
(see Proposition 1).
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where Wp : 2 — (—o0, 00| is the generalized Moreau enhance-
ment (GME) [3] of a seed convex function W¥:

()= ¥() —min [¥0) 43 [BC ). B

veZ

(Note: The GME function W3 in (2) with B being a zero matrix
reproduces the seed convex function W.)

We formulate the proposed model (2) motivated by recent
studies [3]-[8] on the convexity-preserving nonconvex regular-
izers (see “Related works” in the end of this section). Indeed,
the model (2) is an extension of the (constrained) Linearly
involved Generalized Moreau Enhanced (LIGME) model [3],
[7] in order to use a more flexible convex data fidelity term
than the quadratic data fidelity case f:= 1|jy— |3, where
(i) the cost function J in (2) achieves the convexity by a
strategical choice [9] of a tuning matrix B and (ii) inner-loop
free algorithms were given with convergence guarantees to a
global minimizer of the model (2). For broader applications
such as computed tomography [10], an extension of f in the
model in [7] has also been studied in [8] together with (i) the
overall convexity condition of the extended model therein and
(i1) an applicable difference-of-convex (DC) type algorithm,
along the standard strategy in the DC programming [11], [12],
which requires inner loops.

The goal of this paper is to establish an inner-loop free
algorithm for the model (2) by extending proximal splitting
type algorithms in [3], [7]. More precisely, we address the
following research questions according to the model (2) and
its algorithm:

(Q1) Under what conditions can we guarantee the existence
of a minimizer of the model (2) ?

(Q2) How can we extend the existing proximal splitting type
algorithms, developed specially for the quadratic data
fidelity case [3], [7], to be applicable to the extended
model (2) ?

The remainder of this paper is organized as follows. In
Section II, as preliminaries, we introduce notation and selected
tools in convex analysis and fixed point theory. In Section III,
we first introduce a sufficient condition, called the overall
convexity condition, for the convexity of J in (2) over 2~
(see Proposition 1). Under the overall convexity condition, we
present in Theorem 1 sufficient conditions for the existence
of a minimizer using a classical theorem by Auslender [13].
Under the overall convexity condition and the existence of a
minimizer, we also propose a proximal splitting type algorithm
with guaranteed convergence to a global minimizer of (2)
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(see Theorem 2). The proposed algorithm requires Lipschitz
continuity of Vf over %. However, for some applications
(e.g., see Section IV), Lipschitz continuity of Vf can be
assumed only over the constraint set €~!(C). As a remedy
of this issue, under a certain assumption, we present a way to
reformulate such an optimization model into a model to which
the proposed algorithm can be applied (see Proposition 2). In
Section IV, as an application of the proposed methods, we
enhance nonconvexly a convex sparsity-promoting regularizer
in a convex model [14] for simultaneous declipping and
denoising.

Related works

The convexity-preserving nonconvex regularizers was pio-
neered by Blake and Zisserman [15] and by Nikolova [16],
[17], and has been developed further. The most of convexity-
preserving nonconvex regularizers depend on the strong con-
vexity of the least squares term 1|ly—A-|3, ie., the non-
singularity of A*A. As an exceptional example which is free
from the nonsingularity of A*A, Selesnick [5] proposed the
generalized minimax concave (GMC) penalty as a nonconvex
enhancement of the ¢; norm? |||, (¥po £ reproduces the
GMC penalty with ¥ = ||-||; and £ =1d). The GMC penalty
is a nonseparable multidimensional extension of the minimax
concave penalty [4]. To extend the idea of the GMC penalty
for a general seed convex function ¥ and a linear operator £,
the LiGME regularizer Wpo £ in (3) has been proposed [3].
See, e.g., [6], [19], [20] for further advancements of the GMC
model and [7], [8], [21]-[24] for those? of the LIGME model.

II. PRELIMINARIES
A. Notation

Symbols Ny, R, R, and Ry, denote respectively all
nonnegative integers, all real numbers, all nonnegative real
numbers and all positive real numbers. Let .7 and % be
finite dimensional real Hilbert spaces. A Hilbert space .7
is equipped with an inner product (-,-) , and its induced
norm ||-|| .. B(H, %) denotes the set of all linear opera-
tors from ¢ to . For LeA(HA . K), ||L|,, denotes the
operator norm of L (i.e., ||L|lop:=SUpyc s |, <1 ||Lx]| ) and
L*e B (A ) the adjoint operator of L (i.e., (Vxei)(Vye
H)(Lx,y) »=(x,L*y) ). The identity operator is denoted
by Id and the zero operator from 7 to JZ by Oup .
In particular, we use the simplified notation O_r for the
zero operator from S to 7. We express the positive def-
initeness and the positive semidefiniteness of a self-adjoint
operator LEAB( ) as L-0 4 and L=0 4, respectively.
Any L0 defines a new real Hilbert space (37,(-,-);,|||l;)
where (x1,x2);:=(x1,Lx2) ,» and ||x||;:=+/(x,Lx) ,.. For a lin-
ear operator LEA(, %) and sets S CH and S CH,
L(Sp):={Lxe X |xeS 4} is the image of S, under L, and
L™ Y(S ¢ ):={x€#|LxES 4} is the preimage of S under L.
A set K is a cone if (VxeK)(VaeR, ;) axek. A set CCH

2The ¢; norm |-||; is the largest convex minorant of the £y pseudo-norm
in the vicinity of the zero vector. Thus, many models have used ||-||; as a
sparsity-promoting function. See, e.g., [1], [18].

3 Applications of LiGME type nonconvex enhancement are not limited to
sparsity aware signal estimation. For example, it is applicable to discrete
valued signal estimations [24].

is convex if (Vxe2)(Yue)(Voe[0,1]) ax+(1—a)ueC. A
closed convex set CCJZ is said to be simple if its metric
projection Pc: /' — ¢ :x—argmin ,cc||x—ul| ,, is available as
a computable operator. A function f:5°—(—co,c0| is said to
be (i) proper if domf:={xe|f(x)<oo}+#0, (ii) lower semi-
continuous if lev<qfi={x€|f(x)<a} is closed for every
0.€R, (iii) convex if f(ox+(1—a)y)<of(x)+(1—a)f(y) for
every x,ye,0<a<l1. The set of all proper lower semi-
continuous convex functions defined on % is denoted by
Lo(J). fE€LY () is said to be coercive if lim , oo f(x)=
co. fel(H) is said to be prox-friendly if Proxy,:#"—
S x—argmin |, 4 [f(v)+%/vaxHif] is available as a com-
putable operator for every y>0. For a nonempty closed convex
set CC¢, the proximity operator of the indicator function

0 xeC

1c€ly(H7) defined by lc(x):{ coincides with the

x¢C
metric projection operator onto C, i.e., Proxy,.=Fc (Vy>0).
B. Selected tools in fixed point theory

An operator T : 5 — S is said to be nonexpansive if

(Vxe ) (Vy € ) [|[Tx =Tyl ,p < [x = -

In particular, T is a-averaged nonexpansive with o € (0,1) if
there exists a nonexpansive operator 7 : 5 — ¢ such that
T=(1-a)ld4+aT.

A fixed point of a nonexpansive operator can be approxi-
mated successively via the Krasnosel’skii-Mann iteration.

Fact 1 (Krasnosel’skii-Mann iteration (See, e.g., [25])). Let
T : 7 — A be a nonexpansive operator such that Fix(T) :=
{xe A |x=T(x)} #0. For any initial point xy € .7, set
(xk)keny, by
(Vk € No) X1 = [(1 —A) Id-i—)ukT}(xk)

with a sequence (A)keny, satisfying (Vk € No) A € [0,1] and
Yken, M (1 —Ax) = +oo. Then (xz)ren, converges to a point in
Fix(T). In particular, if 7 is o-averaged with ¢ € (0,1), the

sequence generated by (Vn € Ny) x;1 = T(x;) converges to
a point in Fix(7T).

III. PROPERTIES OF PROBLEM 1 AND ITERATIVE
ALGORITHM FOR WIDER APPLICATIONS
A. Overall convexity and existence of minimizer

We start with a sufficient condition for the convexity of the
proposed cost function J in (2).

Proposition 1. In Problem I, set
U 2
0: %—>R:x»—>fOA(x)—§HB£x||§;.

Then the relation (C1): 0 € Ty(Z) = (Cy): J €Ty(Z)
holds. In particular, if f is twice continuously differentiable
over %, then the condition (Cy) is equivalent to

(C)):(Vxe 2) A*o V2 f(Ax) oA — uL*B*BL = O y-.

We call (C)) the overall convexity condition.

Remark 1 (Comparison with existing conditions). For wider
applicable conditions than (C;) and (C}), see [8, Theorem 1
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and Corollary 1]. In a quadratic case f:=1|-—y||, the
condition (C}) reproduces the condition in [3, Theorem 1]
which is a generalization of a special case in [5, Theorem 1]
applicable for (¥, £) == (||-||,,Id).

Remark 2 (An algebraic design of B enjoying (C})). Given
A > Og such that

(Vxe 27) V2 f(Ax) - A = Oy, )
design B enjoying
A*AA—uL'B*BL = Oy 5)

GME matrix B enjoying (5) can be designed via LDU decom-
position of £ [9, Theorem 1]. Then B achieves the condition
(C}). In particular, if % :=R™ and f € I'j(R™) is a separable
sum f(u) =Y, fi([u];) of twice continuously differentiable
convex functions f; € I'h(R) on real line, then a diagonal
matrix A € R™*™ with i-th diagonal entry

[A]w‘ = inffi"(r) Z 0 (6)
reR
satisfies the condition (4).

Essentially based on [13, Theorem 2.4], we derived the
following sufficient conditions to guarantee the existence of
a minimizer of the model (2) under the overall convexity
condition (Cy).

Theorem 1 (Existence of a minimizer). Consider Problem 1.
Assume that the condition (Cy) in Proposition 1 is achieved.
Then the model (2) has a minimizer if one of the following
holds.

() f is coercive, and the constraint set € '(C) is asymp-
totically multipolyhedral [13, Definition 2.3], i.e., the
constraint set € 1(C) can be decomposed as €'(C) =
S+ K with a compact set S C % and a polyhedral cone
K C Z, where the addition of two sets is understood as
the Minkowski sum.

(ii) The constraint set €~'(C) is bounded.

(iii) f is coercive and nullANnull £ = {04 }.

For a condition for €~!(C) to admit such a decomposition
¢ 1(C) = S+K in (i), see, e.g., [26]. The asymptotically
multipolyhedral convex set in the condition (i) of Theorem 1
can cover a wide range of convex sets as follows.

Example 1 (Asymptotically multiprolyhedral sets).

(a) (Polyhedral set). Any polyhedral set can be decomposed as
the sum of a polytope (which is compact) and a polyhedral
convex cone [26]. Therefore, any polyhedral convex set is
asymptotically multipolyhedral.

(b) (Entire space). The entire space 2 is a typical example
of polyhedral sets and thus asymptotically multipolyhedral
as well. For the LiIGME model, i.e., the model (2) with
f=1y—|3 and € (C) = 2, the existence of its
minimizer is guaranteed by the condition (i) in Theorem
1, while such an existence is assumed implicitly in [3].

(c) (Linearly involved compact set). Let C be a compact
convex set. Then ¢~!(C) can be decomposed as ¢~ !(C) =
€7(C) +ker®, where €' is the Moore-Penrose pseudo
inverse of ¢, and hence ¢'(C) is compact.

B. Proximal splitting type algorithm for Problem 1 with
guaranteed convergence to a global minimizer

We propose an iterative algorithm for finding a global
minimizer of the model (2) under the following assumption.

Assumption 1. In Problem 1, assume the following.
(i) Vo=A*oVfoA— ufL*B*BL is B-Lipschitz continuous
over £ for some B € R, .
(ii) The overall convexity condition (C}) in Proposition 1 is
satisfied (see Remark 2 for choice of B enjoying (C})).
(iii) A minimizer of (2) exists (see Theorem 1 for sufficient
conditions).
(iv) Wo £, and 1c o€ in (2) satisfy*

d(U¥PoL+1co®)=uL' o(d¥)oL+C* o (dic)oC,
where the subdifferential 9 : 2 — 27 of ¥ € Ty(%)
is defined as

OV (2):={ue|(YweH) (w—z,u) p+P(z)<F(w)}.

The following theorem shows that the set of all minimizers
of the model (2) can be expressed in terms of the fixed point
set of an averaged nonexpansive operator 7 in Theorem 2,
and thus a global minimizer can be approximated iteratively
by the Krasnosel’skii-Mann iteration of 7.

Theorem 2 (Fixed point translation of the solution set of (2)).
Consider Problem 1 under Assumption 1. Let . be the set

of all global minimizers of the model (2). Set a product space
H =X X Z X ¥ x3 and define an operator:

T:H — A (x,v,wz)— (§,0,1,6)
with (G,T) €R++ XR++ by

£ = (Id—lva) ) - Eeppr - Heo Eery
(o) (o) (e} (o)

2u
.= Proxuy {T
N := (Id —Proxy) (2L — Lx+w)
G:=(Id—Pc)(2¢E — €x+7).
Then the following hold.
(a) The solution set . of (2) can be expressed as

 =E(FixT) :={E(h) € X | h=T(h)},

where E: 0 — 2 : (x,v,w,z) — x.
(b) Choose (0,7) € (0,00) X (ﬁ,oo) satisfying

B*BLE — %B*Bﬂx—i— (Id—%B*B) (v)}

2012 |B*BL||3, +

o> pller e+, + 271 s (D
__ 1
where p = max (Bl B} > 0. Then
old —uL*B*B  —uL* —uc*
_ | -uB*BL 7ld Oz 2 O3z
= ) ? - O;* .
¥ —uL Oy 7 pld O3 » f
—[.LC Og/’?) ngﬁ [,LId

“By [27, Proposition 6.19, Corollary 16.50 and Corollary 16.53], Assump-
tion 1(iv) is satisfied if 0 # ri(dom(¥o £)) N€~!(C) and @ # ri(C) Nran¢.
(For a convex set C, riC denotes the relative interior of C. See, e.g., [27,
Definition 6.9].)
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Furthermore, T s ﬁ-avemged nonexpansive over

c+7— u ||£*£ + Q:*Q:”op

0:= P 2 € (072)
p(O-T —TU ||£*£+ Q:*Q:”op —H HB*B’Q’Hop)

(c) For any initial point hy € S, the sequence (hy)xen, C A
generated by the Krasnosel’skii-Mann iteration:

(Vk S No) hk+| = T(hk) ®)

converges to a point in FixT (see Fact 1), which implies
that the sequence (2" 3)x; = E(h) (k € Ny) converges
to a point in the solution set ..

Remark 3 (Comparision with existing algorithms). The pro-
posed algorithm can be seen as an extension of [3, Algorithm
1] and [7, Algorithm 1] which are groposed for the quadratic
data fidelity case, i.e., f := ||y — || . Moreover, the proposed
algorithm is applicable to general cases where the conditions
domW¥ = 2 and Wo (—1Id) =¥, imposed in [3, Algorithm 1]
and [7, Algorithm 1], are no longer satisfied.

C. Remedy for lack of Lipschitz continuous gradient of data
fidelity functions

For some applications, Lipschitz continuity assumption in
Assumption 1(i) does not hold (see, e.g., the model (13) in
Section IV). For such applications, we consider the model (2)
under Assumption 1(ii)-(iv) and the following alternative as-
sumption against Assumption 1(i). Hereafter, we denote the
i-th component of a vector u € R™ by [u]; € R.

Assumption 2 (Alternative assumption against Assump-
tion 1(i)). In Problem 1, let % := R™ and a closed convex
set IT D A(€~!(C)) be decomposable as IT:= X | [T,(C %)
with a closed convex set IT; C R. Assume that f € I'o(R™) is
a separable sum:

(Vi € R") flu) = ﬁfi([um

of f; eTH(R) (1 <i<m), where f; e [x(R) (1 <i<m) are
twice continuously differentiable over IT; and f! (1 <i<m)
are Lipschitz continuous over IT; (not necessarily Lipschitz
continuous over R).

Due to the lack of Lipschitz continuity of Vf over #,
Theorem 2(c) under Assumption 1(ii)-(iv) and Assumption 2
no longer guarantees that the proposed algorithm produces a
convergent sequence to a global minimizer of the model (2).
To circumvent this issue, we introduce an alternative function
FeTo(#), of f, enjoying desired properties as a data fidelity
function applicable to the proposed algorithm.

Proposition 2 (Construction of alternative data fidelity func-

tion f of f). Consider an instance of the model (2) in Problem

1 satisfying Assumption 1(ii)-(iv) and Assumption 2. Then we

have the following. B B

(a) Define f:R™ =R by f(u) =YY", fi([u]i) with univariate
functions (1<i<m) fi:R—R:

re{f"'&”*)(r—c,>2+ﬂ<cr><r—cr>+fz~<6r> re o,
il reth

where ¢, := Pr,(r) € R. Then, for an optimization model:

minimize foA(x)+u¥po L(x), )

Cxe

we have

argmin foA (x)+uWpoL(x)=argmin foA(x)+u¥poL(x).
&xeC &xeC (10)

Moreover, the model (9) is also an instance of Problem 1
and enjoys the following conditions:

(Vx€ Z) A*oV2f(Ax)oA— uL*B*BL = Oy,
Fod—Hipe.
v (foA— > lBe

é;) is Lipschitz continuous over % .

(b) Generate the sequence (hi)ken, by the proposed algo-
rithm (8) with a replacement of 0 with ? = foA —
£Be. 3; Then, by Theorem 2, the sequence xj =
E(hg) (k € Ng) converges to a global minimizer X €
¢~ 1(C) of the model (9). Moreover, from (10), such a
minimizer ¥ € €1 (C) is also a minimizer of the model (2).

IV. APPLICATION TO SIMULTANEOUS DECLIPPING AND
DENOISING

A. Formulation via Problem 1

As an application of the proposed model (2), we consider a
problem for simultaneous declipping and denoising. The task
is to estimate the target signal x* € R” from

(11

with a priori knowledge that (i) x* € C with a nonempty
closed convex set C and (ii) £x* is sparse with a certain linear
operator £, where clip, : R” — R™ is defined with % € R,
as an entrywise operator:

(lipy ()]s = {M"

y=clipy(x*+¢€) e R"

|[uli| < ©

O -sign([u]i)  [[uli] = O

for every u € R™ and i € {1,2,...,m} and the noise values
[€]; follows Gaussian distribution with zero mean and known
variance s (s > 0). Recently, [14] has proposed a data fidelity
function f:R” - R:uw— Y7, fi([u];) with

1 (blk)® 9 <pli<?

—log (féi[x],. exp (—%) dt) hi=1
—tog (/-2 Mexp(—£5)dr) bli=—v

for the observation model (11), and formulated® an optimiza-
tion model:

fillx]i) =

minimize f(x)+ g [l o £(x), (12)
xXe

where ||-[|; € To(R™) is the ¢ norm®. To enhance nonconvexly
[l-|l; in (12), we propose

minimize () + (|- )a 0 £ (13)

SThe original model in [14] employed foA with a linear operator A as a data
fidelity term and was given without constraints. To clarify the effectiveness of
nonconvex enhancement, we consider the simplest case where A :=Id although
the proposed model and algorithm can also be applied to a general case A # Id.

6HH1 is prox-friendly. See, e.g., [27, Example 24.22].
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Fig. 1: SNR versus Averaged MSE

as a special instance of the model (2). By employing a GME
matrix B enjoying (C}) in Proposition 1 and a compact set as
C, the model (13) enjoys Assumption 1(ii-iv) and Assumption
2. Therefore, we can approximate iteratively a minimizer of
(13) by applying the proposed algorithm (8) to an alternative
optimization model (9) in Proposition 2.

B. Numerical experiments

Following [14], we conducted numerical experiments on
estimation of x* € R™ (m :=256) from its noisy observation y
in (11), where x* was given by the inverse Discrete Cosine
Transform (DCT) of a randomly chosen sparse coefficient
vector. The target signal x* was normalized to satisfy ||x*||., =
0.8. We compared the conventional model (12) and the pro-
posed model (13) for every (0,s) € {0.4,0.6} x {ss,510,515},
where ss,519 and sjs are standard deviations of Gaussian
noise achieving respectively 5dB, 10dB and 15dB of SNR:

20log;g %ﬁ’;]' For both models (12) and (13), we employed
C =[-10,10]" and £ = Lpcr (DCT matrix [28]), and a

simple GME matrix” B := ,/ 0‘% AQBéT for achieving the
condition (Cj) in Proposition 1 for the model (13). For min-
imization of (12) and (13), we introduced an alternative data
fidelity function f as in Proposition 2 with IT := C and then
applied® the proposed algorithm” (8). We stopped the proposed
algorithm (8) after the residual achieves ||y — hy_1]| ,, < 107%.

Figure 1 shows the average of MSE: ||x* ff||§ of estimates
X by the existing model (12) and by the proposed model (13)
over 100 realizations of Gaussian noise €. For each (1,s?),
we choose the best regularization parameter y from {j € Ny |
1 < j <100}. From this figure, we see that the proposed
model (13) outperforms the model (12) in all cases.

V. CONCLUSION

In this paper, we proposed a nonconvexly regularized
convex model with a smooth data fidelity and the LiGME
regularizer. Under the overall convexity condition, we propose
sufficient conditions for existence of a minimizer for the
proposed model. We also propose a proximal splitting type al-
gorithm for finding a global minimizer of the proposed model.
Numerical experiments demonstrate the effectiveness of the
proposed model and algorithm in a scenario of simultaneous
declipping and denoising.

0 |ll=0v.

8The model (13) reproduces the model (12) by setting a zero matrix to B.
Thus, we can apply the proposed algorithm (8) to the model (12).

9We used T = % and o given by 1.001x(the value of RHS in (7)).

1
1 _y B
TA € R™™ was given by (6) with inf,cg f7(r) = {Sz <bli<
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