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Abstract—Octagonal shrinkage and clustering algorithm for
regression (OSCAR) is an effective method for feature grouping,
which aims to select important highly-correlated groups of
features relevant to the observations. Unfortunately, it is known
that OSCAR may cause estimation bias, which is undesirable for
many applications. Whereas the Moreau enhancement of convex
regularizers promoting sparsity or low-rankness has been studied
extensively to reduce the estimation bias, its use in the feature
grouping task still remains unexplored. In this paper, we investi-
gate the debiasing effect of the discrete measure defined by a limit
of the Moreau-enhanced OSCAR regularizer, which is referred to
as the LME-OSCAR regularizer. The proximity operator of the
LME-OSCAR regularizer can be computed efficiently by using
the dynamic programming. Numerical examples demonstrate the
efficacy of the proposed discrete measure.

Index Terms—proximity operator, Moreau enhancement, OS-
CAR, feature grouping.

I. INTRODUCTION

Highly correlated features may be included in the observa-
tions in some applications of sparse regression. When the least
absolute shrinkage and selection operator (lasso) [1], which
is a standard method of sparse regression, is employed in
this situation, only one feature from each group tends to be
selected [2]. However, it is often desirable to select all the
important groups of features relevant to the observations to
achieve better interpretability of the regression results. Such
a situation occurs in various fields such as gene expression
analysis [3], brain imaging [4], and analysis of protein-protein
interaction networks [5].

To extract important groups of the features, many feature
grouping methods have been proposed such as the elastic
net [2], the fused lasso [6], the clustered lasso [7], and the
octagonal shrinkage and clustering algorithm for regression
(OSCAR) [8], [9]. Unfortunately, a solution obtained by the
elastic net does not have the identical coefficients for the
highly correlated features in general, and this may lead to
difficulty in interpretation of the group structure [8], [9].
Besides, the fused lasso promotes the equality of coefficients
only for the successive coefficients, and the clustered lasso
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does not group the negatively correlated features [9], [10].
In contrast to those methods, OSCAR is free from such
limitations. Unfortunately, it is known that OSCAR may
overpenalize the large pairwise coefficient differences [5], [9],
which may cause estimation bias.

To reduce the estimation bias caused by convex regularizers
which promote sparsity of a vector or low-rankness of a
matrix, the generalized Moreau enhancement (GME) penalty
has been proposed in [11]', and related techniques have been
studied intensively [12]-[14]. It is known that the Moreau
enhancement parametrically bridges the gap between a direct
discrete measure and its convex envelope for some functions.
For example, the Moreau enhancement of the #; norm (known
as the minimax concave (MC) penalty [15], [16]) parametri-
cally bridges the ¢y psuedonorm (which counts the number of
nonzero components) and the ¢; norm.

A natural way to reduce the estimation bias of the OSCAR
regularizer would be the use of the Moreau-enhanced OS-
CAR regularizer. Recently, the debiased OSCAR (DOSCAR)
shrinkage is proposed as an extension of the single-valued
proximity operator of the Moreau-enhanced OSCAR regular-
izer, and its debiasing effect is studied [17]. However, unlike
the ¢; norm, no direct discrete measure corresponding to the
OSCAR regularizer is known, to the best of our knowledge.
Hence, it is still unclear if the Moreau-enhanced OSCAR
regularizer can be seen as an approximation of a discrete
measure which has a desirable property.

In this paper, we investigate the discrete measure for de-
biased feature grouping defined by a limit of the Moreau-
enhanced OSCAR regularizer, which we refer to as the LME-
OSCAR regularizer. It turns out that the LME-OSCAR regu-
larizer yields smaller values for vectors which are sparse or
have group structures (in a sense that some coefficients have
identical values). Hence, a sparse or grouped solution is likely
to be obtained when the LME-OSCAR regularizer is adopted
as a penalty function. This implies that the Moreau-enhanced
OSCAR regularizer yields a parametric bridge between the
OSCAR regularizer and a desirable discrete measure. We
derive an efficient algorithm based on the dynamic pro-

'In [11], a more general penalty function than the GME penalty is proposed,
which is applicable to broader scenarios.
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gramming to compute the proximity operator of the LME-
OSCAR regularizer. In numerical examples, we demonstrate
that the LME-OSCAR regularizer significantly outperforms
the OSCAR regularizer in the feature grouping task.

II. PRELIMINARIES

This section briefly introduces the notation, definitions, and
selected elements of convex analysis.

A. Notation and Definitions

Throughout the paper, let R and N denote the set of real
numbers and nonnegative integers, respectively. For any n €
N, = N\ {0}, let I,n := {1,2,...,n}. For any m,n € N,,
the ith column of A € R™*™ is denoted as a;. The matrix
transpose is denoted as (). For any € R™ and p > 1, we

define the ¢, norm by |z, := (>, |z:|P) /.

B. Selected Elements of Convex Analysis

A function f : R™ — (—o00,400] is convex if f(ax + (1 —
a)¢) < af(x) + (1 —a)f(&) for any x, & € R™ and any
a € (0,1). A function f : R™ — (—o0, +oo] = RU{+o0} is
proper if dom f := {& € R" | f(x) < +o0} # 0. A function
f:R™ = (—o00,+00] is lower-semicontinuous on R™ if the
level set lev<, f = {x € R" | f(x) < a} is closed for any
a € R. Given any proper function f : R" — (—o0, +0o0], we
define the proximity operator of f of index v > 0 by

n ].
Prox,; : R" — 2% :m&—>a1;%§13n <f(£)+%||m—§||§> ,
(1

where 28" denotes the power set (the family of all subsets)
of R™. Given a proper lower-semicontinuous convex function
f: R" = (—o0,+00], the Moreau envelope of f of index
~v > 0 is defined by [18]-[20]

PR R i (76 + 5 le - 13

1
= f(Proxy (@) + 5|z = Prox,s(z)[3. ()

III. PROPOSED DISCRETE MEASURE AND ITS PROXIMITY
OPERATOR

In this section, we derive a closed-form expression of the
LME-OSCAR regularizer, and show that its proximity operator
can be computed efficiently. The theoretical result in this paper
is presented without proof. An extended version of this work
including a full proof will be published elsewhere.

A. A Limit of Moreau-Enhanced OSCAR Regularizer

We consider the task of estimating the sparse coefficient
vector x, € R™ from a given input matrix A € R™*" and an
observation vector modeled as

y=Ax,+eecR™, 3)

where € € R™ is the zero-mean additive white Gaussian noise.
The matrix A is assumed to have groups of highly correlated
column vectors. OSCAR aims to obtain a sparse coefficient
vector in which the coefficients corresponding to the highly

correlated vectors are identical. The formulation of OSCAR
is defined by [8]

1 2 OSCAR
min oly — Aw[l; + Q375 (@), “)
where A1, Ao > 0, and
Q?lsng :R™ — [0, 4+00)
m»—>/\1H:c\|1+/\22max{|a:l|,|xj\} 5
i<j
For the Moreau enhancement? of the OSCAR regularizer

OSCAR ._ 0OOSCAR vOSCAR
(Q/\1,>\2 )771/2In '_ Q)\h/\Q - Q/\h)\z ) (6)

it holds by [21, Proposition 12.33] that

VETOO(Q%S’S‘J?R)TI/Z-’" (x) = QP52 (x), Ve e R". (7)

We investigate the LME-OSCAR regularizer defined by

Lo = 02y ORI, ®)

By (7) and (8), one can see that the Moreau-enhanced OS-
CAR regularizer parametrically bridges the OSCAR and the
LME-OSCAR regularizers. The following proposition shows
a closed-form expression of the LME-OSCAR regularizer in
the two-dimensional case. Let

72‘,+::{a:€IR"|x12x22...21n20}, 9)

and |z|;, = P(|z|)|x| € R", where P(|z|) € R™*™ denotes
a permutation matrix which sorts the components of |x| =
[|#1], |22, |za]]T € R™ in non-increasing order. Then, it
is sufficient to consider the case in which € K% , since

)y-1/21, () = ( xl).  (10)

Proposition 1 (LME-OSCAR regularizer: two-dimensional
case). Let n = 2. Then, for any @ € K%, it holds that

(A1 4+ A2)?2 + 2%,
(201 + X2)?/2,
(

OSCAR

OSCAR
(Q PO

A1,A2

)7_1/21"(

l.f$1>1‘2>0,
ifx1:902>0,

T = 11
A1,z (w) )\1 + )\2)2’ lffl'] > 1y = 07 ( )

07 l:f(L’l = T2 = 0.
Proof. The proof is due to the general result presented in
Proposition 2. O

Equation (11) indicates the LME-OSCAR regularizer is a
certain discrete function shown in Figure 1. This function
yields a smaller value outside the set {x € K2 | | 1 > xp >
0}. Hence, when (11) is used as a regularizer, the solution &
is likely to satisfy

ilzcﬁgzoorilziﬂg:O, (12)

which indicates that a sparse or grouped solution is likely

to be obtained. Figure 2 shows the contours of the Moreau-
enhanced OSCAR regularizer (9SG —1/2p for 7 == 2 in

2Let (X, (-,-)x) and (Z,(-,-)z) be the finite-dimensional real Hilbert
spaces. For any proper lower-semicontinuous convex function ¥ : X —
X coercive with dom ¥ = X, and an arbitrary bounded linear operator
B : X — Z, the generalized-Moreau-enhanced penalty is defined by [11]
Ug:z— U(z)— mingex (V(2) + | Bz — 2)[|%/2).
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case 2
(2/\1 -+ )\2)2/2

\

case 1

case 4 (A1 +X2)2 + X2
0
J
O T_ case 3
0 (A1 + A2)?

Fig. 1: Visualization of the four cases of (11).

the two-dimensional case. It can be seen that the contours
of the Moreau enhancement sharpen those of the OSCAR
regularizer. Hence, the solutions are more likely to satisfy (12).
The following proposition extends the result of Proposition 1
to the n-dimensional case for n > 2.

Proposition 2 (LME-OSCAR regularizer: general case). Let
w = [wy,Wwa, ..., w,] €R"™ such that

wz=>\1+)\2(n—z), VZEH (13)
Let K2 = {x € R" | 1 > 22 > ... > Tn} Xy, °
Ry — {0,1} : 2 — (1]: Zii Z ﬁi: and the set S; with

rd(S;) > 2 be the lth group of consecutive indices for | =

1,2,...,q with q € 1,n, such that
x; =Tk, Vi, k €5, and, (14)
x; #x, Vj €S, Vkeﬁ\Sl. (15)

For example, it holds that S; = {3,4,5}, So = {7,8}, S3 =
{9, 10} when

T1> Ty > X3 =2T4=2=0T5>Tg > X7=21ag
Thrstgow second group
> X9 =T19 > T11- (16)
third group
Then, it holds for any n € N, and x € K% | that
T, (@)
w3, ifexecRY, NKL (case 1),
2 - Ekesl Wi 2
holl =32 5 (- st
ifw e Ry, N(KL)S (case 2),
wl[5 —w}, ifee (R, )°NKL (case 3a),

w 2
ol -3 3 (s - e, 0)

=1 j€5;
_wnXR++ (xn_1)7
ifezekl \ (
(case 3b),

R1L, UKL U{0})

0, ifx=0 (case4),
(17)

Fig. 2: Contours of the Moreau-enhanced OSCAR regularizer
(red) for Ay = Ao = 0.5 and v := 2 and the OSCAR
regularizer (gray) in the two-dimensional case.

K5+
RY ¢
case 2
case 3b
(2)
(1,1,1)
case 1
T3 T \
case 3a '\
\ * ¥ case 2

T2

T case 3b

(b)

Fig. 3: (a) Inclusion relation among the five cases of (17). (b)
Visualization of the five cases in the three-dimensional case.

where S° denotes the compliment set of any set S C R™.

The inclusion relation of the cases of (17) and visualization
of the cases in the three-dimensional case are shown in Figures
3(a) and 3(b), respectively. Unlike (11), (17) is divided into
five cases (case 3b does not exist in the two-dimensional case).

Proposition 2 indicates that, the LME-OSCAR regularizer is
bounded above by the constant ||w/||3, and it is strictly smaller
than this bound on the set (K%)°U (R} | )<. Since € K |
by assumption, € K2 implies that  has no group of equal
indices, and « € R”} , implies that = is dense. Hence, when
(17) is used as a penalty, a sparse or grouped solution is likely
to be obtained.
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B. Proximity Operator of the LME-OSCAR RegularizerY y, »,

For any = € R"™, the proximity operator of T, ), defined
in (17) can be computed efficiently as in the following two
propositions.

Proposition 3 (Proximity operator of the LME-OSCAR reg-
ularizer). For any x € R", it holds that

1+ () = Sign(z) o P(|z|) " Proxy,, , (|z];), (18)

where Sign : R" — {—1,1}" : & — [sign(z1), sign(z2), ...,
sign(z,)] " with sign(a) == 1 if a > 0; sign(a) == —1
otherwise.

Proxr,

The vector Proxr, ,, (|z|;), where |z[, € K% ,, can be
computed by using the following proposition.

Proposition 4 (Computation of Proxy, , (|z[))in (18)). Let
x € K% . Define w as in (13). Let 7 4 = {(k;,1;)]_; C
Ti' | 1<k <l <kg<lp<- <kq<ly<i}forany
i € 2,n and q € 1,[i/2], where [-] is the ceiling function.
Let

Mmin “— m&nm (19)
€1,
where m = |lwl3, n2 = |w|3 - wj + (1/2)13 n3 =

[wlly = dn 1= [wll3 —dn-y —wy, + 1))z, 15 =

[wll3 —max;gm—{di—1 +37_; (w} — (1/2)23)}, and 16 =
(1/2)|||3. Here,
0, ifi=1,
di = max max va , ifi€2,n, 20
qa€1,[i/2] (8;5)]-1 €70 1
where
2 2
ZkeGj W 1 Zkeej LTk
U@.Z:Z w]——i PR mjfi
T card(6,) 2 card (&)
Jj€G;

2L

Let ¢ € argmax a€TTi/2] max(e ) E€Srg Zz Vs, and
e Zz 1 Vs, Then, it holds that

i,q

(S, )J | € Argmax g ya_

6
Proxy, ,, (z) = U C;, (22)
=1

(4) i L= _
where C; = {ép b Z‘;;nrlvzise s for any i € 1,6.
07 lfj =n, (3)
H : (1) = X (2) = N =
“e P v pj Zj, lfj 7é n, pj
2 Tk ~
2%7657 if j €6y, (4) 0, ifj=n,
card(6;) p; = 3) .
§ oA p;’, fi#Fn
zj, ifj ¢ U161, 7 ’
G ._ )0, ifje6y, ©) . L
py . o 2 and p® = 0 for any j € 1,n
! p§3)7 ifj ¢S,
and l € 1,4

Algorithm 1 Dynamic programming for (d;) , and (él)?zl
Input: £ € R™, A1, A2 >0

1: Compute w by (13)

2:dy=0,8 = 0

3: for e =2,3,...,n do

4: t:=d;_1

5: for j=1,2,...,9—1do

6: Compute v; by (21)

7 if t < dmax{] 1,1} U5 - then

8: t _dmax{] 11}+U¥

9: Si = Sm'}x{] 1,1} U {]72}

10: end if

11: end for

12: d; =t

13: end for

14: q := card(S,)/2

15: for [ =1,2,...,q do

16: &, = S9;_1, 821, where s; is the [th smallest element
of S,.

17: end for

Output: (d;)",, (61)? 1

For any € K |, Proxy, , (z) given in (22) depends
on (d;)"_; and (él)?:p which can be efficiently computed
by the dynamic programming [22] as shown in Algorithm 1.
Here, Algorithm 1 is derived from the following recurrence:

0, ifi=1,

maX{di_l, (dmax{jfl,l} + ’Uﬁ)} 5 if 1 € 2,7

o (23)
One can obtain § and (&;);_; simultaneously in Algorithm 1.
Note that card(S;)/2 is an integer for all ¢ € 1,n. Let Ry, x, :
R™ — R" be a selection of Proxy, , ,ie, R\ (T) €
Proxr,  ,, () for any & € R". Then, the computational cost

to obtain Ry, x,(x) scales in O(n?).

d; =
max
jeT,i—1

IV. NUMERICAL EXAMPLES

We consider the sparse estimation task, particularly when
there are groups of highly correlated features. The standard
linear model in (3) with m := 80 and n := 30 is used. The
noise vector € € R™ is generated i.i.d. from the zero-mean
Gaussian distribution with signal-to-noise ratio (SNR) 20 dB.
We consider the following two toy datasets, which are similar
to those used in [2], [8], [9]:

A. The column vectors of A € R89%30 are generated as

6/1+€i7 if’iEGl =1,5,
as+e¢;, ifie Gy = 6, 10,

a; =< . e —  where the com-
as+e¢;, ifieGy:=11,15,

€, if i € Gy = 16,30,
ponents of a; € R® (i € T,3) are generated i.i.d. from
the standard Gaussian distribution, and those of €; € R80
(i € 1,30) are generated iid. from N(0,02) with
o. > 0. The coefficient vector x, € R" is set as
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3, ifieGy,

o )2 ifIEG,
ST 1.5, ifi e Gs,
0 if i € Gy.

B. The difference from dataset A 1is the following:
G1 = {1,4,7,10,13}, G2 = {2,5,8,11,14}, G5 =
{3,6,9,12,15}.

For this task, we consider the proximal gradient method to
solve the least square loss regularized by Ty, x, given in (17)
as follows:

Tpt1 = B,z (@ — ,uAT(Awk —-v)), keN, (24)

where 1 > 0 is a step size. The algorithm is initialized to
xo = 0,. We compare the proposed method with the methods
to solve lasso [1], the MC penalty [15], [16], the fused lasso
[6], and OSCAR [8]. The hyperparameter for the MC penalty
is chosen to guarantee the convexity of the cost function. All
the hyperparameters are tuned to attain the best performance.
The evaluation metric is the system mismatch defined by ||& —
xo||3/ || ||3, where & is an estimate of x,. The results are
averaged over 300 trials.

Figure 4 shows the system mismatch across o, under dataset
A and B. The parameter o, controls the correlation of the col-
umn vectors of A: a large o, corresponds to small correlations
among a;’s, and vice versa. It can be seen that the proposed
method outperforms the other methods in a wide range.
Especially when the correlation is high, the proposed method
successfully reduces the estimation bias, unlike OSCAR. We
finally mention that the proposed method achieves the best
overall performance for both datasets, while the performance
of the fussed lasso degrades for dataset B significantly as it
assumes the active coefficients to be consecutive.

V. CONCLUSION

We investigated the LME-OSCAR regularizer, which is de-
fined by a limit of the Moreau-enhanced OSCAR regularizer.
It turned out that the LME-OSCAR regularizer induces sparse
or grouped solutions effectively while reducing the estimation
bias. As a result, it was clarified that the Moreau-enhanced
OSCAR regularizer can be seen as an approximation of a
desirable discrete measure. An efficient way of computing
the proximity operator of the proposed discrete measure was
derived by using the dynamic programming. The bias-reducing
effect of the proposed method for feature grouping was
demonstrated by simulations.
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