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Abstract—We propose fully data-driven variational methods,
termed successive jump and mode decomposition (SJMD) and its
multivariate extension, successive multivariate jump and mode
decomposition (SMJMD), for successively decomposing nonsta-
tionary signals into amplitude- and frequency-modulated (AM-
FM) oscillations and jump components. Unlike existing methods
that treat oscillatory modes and jump discontinuities separately
and often require prior knowledge of the number of components
(K)—which is difficult to obtain in practice—our approaches
employ successive optimization-based schemes that jointly handle
AM-FM oscillations and jump discontinuities without the need to
predefine K. Empirical evaluations on synthetic and real-world
datasets demonstrate that the proposed algorithms offer superior
accuracy and computational efficiency compared to state-of-the-
art methods.

Index Terms—Variational mode decomposition, empirical
mode decomposition, biomedical applications, jump extraction.

I. INTRODUCTION

Nonstationary signal decomposition methods are crucial for
extracting inherent bandlimited components from complex sig-
nals. Classically, Empirical Mode Decomposition (EMD) and
Variational Mode Decomposition (VMD), focus on amplitude-
and frequency-modulated (AM-FM) components [1], [2] and
are widely used in various applications [3], [4]. However,
these methods primarily target oscillatory components and
struggle in scenarios with trends, oscillations, and jumps,
often mistakenly modeling jumps as oscillations [5]. Filtering
techniques also face challenges in separating jumps due to
their wideband spectral impact, complicating the isolation of
meaningful signal components.

To address these challenges, a class of algorithms has been
developed to handle jumps and noise more effectively [6]—[8].
For instance, [6] introduces the ¢; trend filtering method, a
variant of Hodrick—Prescott filtering, for estimating piecewise
linear trends. Inverse Potts energy functionals [7] include fur-
ther advancements that recover jump-sparse and sparse signals
using non-convex sparse regularizers (i.e., ¢y pseudonorm-
based penalty). Researchers proposed the Jumps, Oscillations,
and Trends (JOT) model to decompose signals into three
components [8], [9]. The JOT method effectively separates
signal components without artifacts, making it suitable for
preprocessing. Despite this, JOT treats all oscillations as a
single component, struggling to obtain AM-FM oscillatory
components. Additionally, JOT’s two-stage process has many
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input parameters, making tuning complex, especially when
combined with other AM-FM mode decomposition methods
such as Successive Variational Mode Decomposition (SVMD).

Jump Plus AM-FM Mode Decomposition (JMD) was re-
cently proposed for the joint extraction of jump disconti-
nuities and amplitude- and frequency-modulated (AM-FM)
modes [10]. JMD formulates an optimization problem that
is simultaneously solved for K AM-FM modes and a jump
component using two distinct priors: one for narrowband
constraints on AM-FM modes and another for minimizing
jump discontinuities. While JMD provides a robust alternating
direction method of multipliers (ADMM)-based solution with
fewer input parameters and a faster convergence rate than
existing methods, it is computationally intensive and requires
prior knowledge of K.

To address the limitations of JMD, we propose Successive
Jump and Mode Decomposition (SIMD) and its multivariate
extension (SMJMD), which decompose a signal into a jump
component v(t) and K AM-FM modes u(t) via a successive
approach. Unlike JMD, our methods do not require prior
knowledge of K, but instead adaptively estimate it using
an energy-based stopping rule. The optimization framework
combines three priors to jointly extract jumps and modes, with
empirical results showing consistent convergence of the cost
function and improved robustness and efficiency over existing
methods.

The remainder of this paper is organized as follows: Section
II presents the proposed formulation and methodology, Section
IIT details experimental evaluations on synthetic and real-world
signals, and Section IV provides concluding remarks.

II. SUCCESSIVE JUMP AND MODE DECOMPOSITION

In this section, we propose a variational SIMD model to
extract AM-FM modes u(t) and the jump component v(t)
from the input signal s(t), based on the model: s(t) =
v(t) +uk(t)+r(t), where r(t) = (3 wixr(t) +n(t)) refers to
the residual signal (including all yet-to-be-extracted modes).
The aim is to extract a single mode wuy, at each iteration rather
than concurrently decomposing all K modes, then removing
the effect of previously obtained modes by subtracting them
from the signal one after the other [11]. The successive
procedure helps alleviate the need to select a precise value
for the parameter K [12]. Therefore, our method decomposes
the signal by: i) extracting jumps using a sparsity-inducing
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regularizer, and ii) extracting the oscillatory components via
successive minimization of a bandwidth-related term, effec-
tively separating discontinuities from oscillations.

A. Optimization Formulation

In this framework, the assumption is that each oscillatory
mode is predominantly localized around a central frequency
[2] while the discontinuities are wide-band components on
the spectrum. Considering these two opposite features, incor-
porating two different terms in our formulation is required.
To obtain the AM-FM oscillatory components from the data,
we use the optimization formulation of SVMD that aims to
minimize both the bandwidth of the AM-FM component uy
and the overlap between uy and r successively until k = K:
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where 9; denotes the partial derivative, ugy (t) = ug(t) +
JHug(t) = ar(t)e??*® (and g1 (w) = (1 4 sgn(w))tg(w))
is the analytic signal with H as the Hilbert transform, and wy,
represents the center frequency of each mode. The squared [2-
norm term estimates the bandwidth of the k-th mode, where
minimizing the bandwidth approximates it as a nearly pure
sinusoid. The second term, which is the key distinction of
our method compared to JMD, ensures that the successive
procedure is performed through enforcing the energy of the
residual signal r(t) to be minimized around the center fre-
quency of the desired mode wy. This is done using a filter
hy(t) with a frequency response of hy(w) = 1/a(w — wi)?,
where hy(w) — oo if w — wg.

To extract the jump component, we use a penalty term
that penalizes the derivative of the jump component to pro-
mote a piecewise constant component [8]-[10]. It aims to
accurately preserve the amplitude of the piecewise-constant
signal component while improving the representation of sharp
discontinuities in the jump component:

b:/ww@wmm dt, @
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where O;v(t) := v'(t) represents the first derivative of the
jump component. The non-convex sparsity-promoting penalty
function ¢(+;b) : [0, +00) — [0, 1] is defined as a piecewise-
quadratic function [8], as follows:
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where the parameter b changes the degree of non-convexity,
such that for b — 0, the minimax concave (MC) penalty is
defined as ¢(x;b) = |x| and ¢(-;b) tends to lo-pseudonorm
for b — oo. This formulation has also been used successfully
to extract jump components from input data [8]-[10].

In our proposed approach to obtain v(t) and uk(t) using
input data f(t), we combine (1) and (2) within a single
constrained optimization formulation as follows:
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where « and [ are balancing parameters for the first and
third terms the auxiliary variable x := 0;v is performed as a
splitting technique to solve the problem of non-differentiability
of the term ¢(+; b). Next, we convert (4) into an unconstrained
formulation using Lagrangian multipliers, the following aug-
mented Lagrangian function is obtained:

Oy [uk+ (t)e_jw"'t]
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where ~ is the penalty scalar parameter and p(t) is the vector
of Lagrangian multipliers associated with constraint x = J;v.
The above formulation is divided into several sub-optimization
problems and solved using ADMM. The sub-optimization
problem to solve for ug, r, and wy can be written as:
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As suggested in [12], by assuming hy(w) = 1/a(w —wy)?,
solving (6) in the Fourier domain, taking the partial derivative
w.r.t. each of ug, r, and wy, and some algebraic manipulations,
the associated update equations can be obtained as follows:
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The sub-optimization problem to solve for v, z, and p can
be achieved from (5) as follows:
2
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(10)
The presence of an infinite integral in the term involving
¢ poses a significant challenge when attempting to solve this
sub-problem in the continuous domain. However, it can be
discretized and is strongly convex under conditions from [13].
Thus, by assuming that we deal with a finite signal (that is
also numerically established for (6) as explained in [2]), we
can rewrite (10) in the discrete form as follows:
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where D is defined as the first-order derivative matrix as
defined in [10]. Next, as suggested in [9], [10], by solving
(11), taking the partial derivative w.r.t. v, and zero-initializing
the vectors = and p, we will have:

oY = (vDTD + 21)~ ( D”p® 4 yDTe® 4 2(s — 7 — uk)>.

(12)
By rewriting the sub-problem and omitting the constant terms,
the i-th iteration of the associated update equation for x
can be expressed in terms of N independent one-dimensional
optimization problems as follows:

(+1) _ : 1) + Sz — [(Do®), 2
7y = arg min { o) + 5 llas — (D) + 2] 1B,
j=1,...,N,
(13)
where p = 8. Readers are encouraged to read [9], [10] for
more details. As demonstrated in [13], the problems in (13)
are strongly convex if and only if b < %L =>v>0 ==
Tbf3, for 7 € R,7 > 1. Given this assumption, closed-form

solutions for the problems stated in (13) can be derived as:
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where h; = (Dv®); + p’7. The update for p will be governed
by the following equation:

P — 5O _ (a;”“) _ Dv("“)) .

With all update equations at our disposal, the steps for
obtaining the AM-FM modes uy(t) and jump component
v(t) are listed in Algorithm 1. In the SIMD algorithm, we
employ an increasing « strategy, starting with a low « and
progressively raising it to the user-defined maximum, which
accelerates convergence [11], [12].

15)

B. Successive Multivariate Jump and Mode Decomposition

Here we extend the multivariate SJIMD method (i.e.,
SMIMD) for the multivariate signal model s(t) = v(t) +
ui(t) 4+ r(t), where s(t) = [s1(¢),...,sc(t)] represents a
multivariate signal with C' data channels, and u(t) denotes
the multivariate AM-FM decomposed modes with C' channels.
The components v(¢) and r(¢) are the multivariate jump and
residual, respectively, with r(¢) = > u;2,(t) + n(t), where
>~ u;; encompasses all remaining multivariate modes.

The goal is to extract the jump components v(t) in all
channels and the frequency aligned AM-FM modes u (t) from
input signal s(t¢). To achieve this, we modify the cost function
of the MIMD method proposed in [10] as follows:

(ke {on}, {7}, {ve}, {ze})
— arg min
{ug, b {wrt {ret {ve} {zc}

I ({uk,eh {wrts {re}s {ve}s {ze})

Algorithm 1 SJMD

Input and user-defined parameters: s, amax, 3,0, T

1: (p,k) < 0,7 = samples
%Z rep?fa:; 10773 (u( ) wl(gl)? @ ,’l)(1>, T<1)7 p(1>’ Z) — 07
4:b=2 /52, v = 7b8, generate discrete operator D
5: k+—k+1
6: repeat
7: —p+1
8: repeat
9: 14 1+1
10: A(l+1)( ) < Using (7)
11: I?” D Using (8)
12: f'&“)(w) <+ Using (9)
13: up, L Gk (w) and r LT 7(w) (to compute v)
14: oY Using (12)
15: 2D« Using (14)
16: D)y (D) _ Pty
17: g(“'l) = uSH) + plFD
18: 0 (W) EL WD (10 update g (w))
19: until Convergence: ||g"" ™" — ¢ |13/ |3 < e
20: (ﬁ,(cn,w,il), PARIRTCSNACUPION 1) <0
21: Qpt1 < QOlp
22: until o1 < omax
23: u < Store all current extracted modes as vectors in a matrix

24: until % ([lulls — lue-1]2) < e

e e 0.0 e = (o S [t 0]
2 N -
+ |ty < o) +5/ Sl (t)]: Byt
2 et ) = (velt) + 7e(t) + une®)) [}, o — oo,
(16)

Similar to the procedure described for the proposed SIMD
in previous subsections, the above optimization formulation for
SMIMD can be converted into an unconstrained formulation
using Lagrangian multipliers. The Lagrangian function is
then divided into several sub-optimization problems and is
similarly solved using ADMM through iteratively updating
Uk, ¢y Wk, Te, Ve, Te, and p. as our presented procedure for
the STMD method in previous subsections (i.e., in equations
(6) to (15) and Algorithm 1). Conceptual parallels such as
Dichotomous Coordinate Descent (DCD) methods [15] may
also be explored as alternatives to ADMM.

The MATLAB implementation codes for SJMD and
SMIMD methods are available at the following link:
https://se.mathworks.com/matlabcentral/profile/authors/16833
607.

C. Input Parameters

Accurate selection of input parameters is crucial for the
convergence of the proposed method similar to [10]. A high
value of a may lead to noisy modes or convergence issues,
while a low a causes mode mixing. Typically, setting « in the
range 10% — 10 yields satisfactory results. The regularization
parameter 3 controls the jump component and should be set to
1/(number of expected jumps). Fine-tuning 5 ensures optimal
performance. 7 > 1 is used for initializing -, typically between
1.1 and 50. b, the expected minimal jump height (default 0.3),
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determines the threshold above which jumps are penalized, and
should be chosen based on the characteristics of the signal.

III. EXPERIMENTS AND RESULTS

We evaluated the performance of the SMIMD method
on multivariate synthetic data, comparing it with simplified
successive multivariate VMD (S-SMVMD) [11] and JOT [9]
applied channel-wise, as JOT does not support multichannel
data. Similarly, we applied SJIMD to real-world signals and
compared its performance with SVMD [12] and JOT. Ad-
ditionally, as S(M)JIMD and (M)JMD [10] yielded similar
decomposition results, we only demonstrated the decompo-
sition results of S(M)JMD, and instead, we assessed the
computational efficiency and noise robustness of S(M)JMD
against (M)JMD, where SIMD demonstrates a clear advantage.

We set the same « values for S(M)JMD, SVMD, and
S-SMVMD to ensure a fair comparison [12]. For other
techniques, we used parameter values that yielded the best
results. All synthetic simulations considered time discretized
as t € [0,1].

A. SMJMD vs. Channel-Wise JOT [9] and S-SMVMD [11]

We tested the SMIMD, focusing on the method’s ability
to align common frequency scales across multiple data chan-
nels, which is crucial for various scientific and engineering
applications involving multivariate data [4]. To achieve this,
we generated a simple synthetic signal s;(t) composed of
three channels (i.e., c1,ce, and c3), incorporating oscillatory
components, discontinuities v(¢), and additive white Gaussian
noise (AWGN) 7)(t) with zero mean and a variance of o = 0.1,
as follows:

e (£) = cos(2m2t) + % cos(2m408) + v(t) + n(0),

si1(t) = c2(t) = cos(2m2t) + %cos(27r40t) +n(t),
c3(t) = cos(2m2t) + v(t) + n(t).
a7
Figure 1 visualizes the extracted components from the
proposed SMIJMD method, including two oscillatory modes
and one jump. Our method accurately extracted all components
compared to the other methods. For instance, S-SMVMD
failed to extract jumps, as its formulation was not theoretically
designed to capture them. Since the jump component has a
wide spectrum, significant spectral overlap with the oscillatory
components was expected. This overlap caused all VMD-based
methods to struggle in isolating pure modes, as they function
similarly to Wiener filtering applied to the residual spectrum
[2]. On the other hand, the JOT method accurately captured
jumps only in c¢;. Moreover, it failed to precisely extract the 2
Hz modes in ¢y and c3 and the 40 Hz modes in ¢; and cs, as
illustrated in Fig. 1-(C). The input parameters of SMJMD for
this experiment were set to o = 80000, 8 = 0.05, b=0.9,
and 7 = 50.

B. SJMD vs. JOT [9] and SVMD [12]

Electrocardiography (ECG)-derived respiration (EDR) has
been widely studied for sleep disorders, as respiration intro-

TABLE I
QUANTITATIVE COMPARISON OF METHODS FOR EDR

Method CC of EDR CC of Jump MSE of EDR MSE of Jump

SJMD 0.9010 0.9991 0.1110 0.0067
SVMD 0.1282 0.9057 0.5123 0.1349
JOT 0.2861 0.8050 0.4717 2.1308

duces a low-frequency component to the ECG signal. How-
ever, ECG jumps generate strong harmonics in this range,
complicating EDR extraction with traditional decomposition
methods. To evaluate our method’s performance, we used the
MIMIC Database ECG dataset with a reference respiratory
signal [14]. The ECG signal was artificially contaminated with
electrode motion artifacts, resulting in a -9 dB signal-to-noise
ratio. Using SVMD and our proposed SIMD, we extracted
15 decomposed modes from the ECG signal, with selected
modes and jumps shown in Fig. 2. The jump components are
displayed in row (b) for all methods, while EDR is visualized
in row (d) for SIMD and row (¢) for SVMD and JOT. The
quantitative comparison in Table I (correlation coefficient (CC)
and mean squared error (MSE)) demonstrates SIMD’s superior
performance over SVMD and JOT, effectively extracting EDR
despite jumps. In contrast, JOT struggled with AM-FM EDR
extraction, and SVMD failed to isolate jumps from AM-FM
modes. For optimal EDR extraction, we set a = 10°, with
B=0.9,b=0.3, and 7 = 50.

C. Noise Robustness and Computational Costs

Table II demonstrates the superior noise robustness of
SMIMD over MJMD across different noise levels (o) applied
to the signal in (17). Unlike MJMD, which requires fine-
tuning as noise increases, SMJMD remains robust without
parameter adjustments. Our observations confirm that this
resilience is attributed to SMJMD’s ability to store noise and
distortion in the residual signal r.(¢), thereby preserving the
jump component with minimal distortion. This also holds for
SIMD.

In addition, the elapsed times to decompose the same ECG
data (mentioned in the previous subsection) were measured on
a system with a 2.4 GHz Intel 11th Gen i5-1135G7 processor
and 16 GB RAM. The results, presented in Table II, confirm
that SIMD has lower computational complexity than JMD.
Moreover, the parameter K was automatically determined by
SIMD, whereas in JMD, it was optimally fine-tuned through
a time-consuming and computationally demanding procedure.

D. Convergence

Like (M)JMD, the optimization formulations of the pro-
posed S(M)IMD are inherently non-convex and lack formal
convergence guarantees. However, extensive experiments con-
firm that SIM)JMD consistently converge across all tested
cases. Fig. 3 presents the normalized convergence plots for
the signal in (17), illustrating the decay and stabilization of
the objective function energy of SMJMD over 1 iterations for
varying « and [. This also holds for SIMD.
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Fig. 1. Synthetic signal (a), and decomposed components (rows (b) - (d)) obtained from the (A) SMIMD, (B) S-SMVMD, and (C) channel-wise JOT methods.
In plots (b) - (d), the solid blue line represents the extracted components, while the black dashed line indicates the original components of the signal.
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Fig. 2. Decomposition of ECG signal “055m” (MIMIC) with added jump
(a) into jump (b) and EDR—shown in (d) for our method and (c) for SVMD
and JOT. Blue lines: extracted components; dashed lines: references. Other
modes are not relevant to this analysis.
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Fig. 3. Empirical evidence of numerical convergence of S(M)JMD for the
synthetic signal in (17).

IV. CONCLUSION

In this paper, we present novel data-driven methods,
SM)JMD, to decompose non-stationary signals into oscilla-
tory modes and jump components. The methods combine AM-
FM signal decomposition with jump extraction, capturing both
sharp discontinuities and oscillatory modes, unlike SVMD,
S-SMVMD and JOT. On top of that, S(M)JIMD address the
limitations of (M)JMD by extracting components one after the
other, reducing the complexity and number of input parameters

TABLE 11
PERFORMANCE COMPARISON: CORRELATION COEFFICIENT OF
DECOMPOSED COMPONENTS AND COMPUTATIONAL BURDEN

Correlation Coefficient (Mean + Std. Dev.)

Method o =01 7=03 o =06
SMIMD 0.9888 + 0.0117 0.9751 £ 0.0121  0.9546 + 0.0165
MIMD 0.9749 + 0.0168  0.9739 + 0.0206  0.9268 + 0.0367
Computational Burden
Method Number of Modes (K) Elapsed Time
SIMD (Automatically set) 15 61 sec.
JMD (Manually set) 13 83 sec.

(particularly K'), improving noise robustness. Our methods uti-
lizes a variational optimization framework solved via ADMM
that ensures convergence across various applications. Experi-
mental results show that SJMD outperforms existing methods
in both synthetic data and real-world ECG signals. A formal
analysis of joint optimization over model parameters and mode
count remains a valuable direction for future work.
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